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Foreword

The European conference situation in the general area of software science has
long been considered unsatisfactory. A fairly large number of small and medium-
sized conferences and workshops take place on an irregular basis, competing for
high-quality contributions and for enough attendees to make them financially
viable. Discussions aiming at a consolidation have been underway since at least
1992, with concrete planning beginning in summer 1994 and culminating in a
public meeting at TAPSOFT’95 in Aarhus.

On the basis of a broad consensus, it was decided to establish a single annual
federated spring conference in the slot that was then occupied by TAPSOFT
and CAAP/ESOP/CC, comprising a number of existing and new conferences
and covering a spectrum from theory to practice. ETAPS’98, the first instance
of the European Joint Conferences on Theory and Practice of Software, is taking
place this year in Lisbon. It comprises five conferences (FoSSaCS, FASE, ESOP,
CC, TACAS), four workshops (ACoS, VISUAL, WADT, CMCS), seven invited
lectures, and nine tutorials.

The events that comprise ETAPS address various aspects of the system de-
velopment process, including specification, design, implementation, analysis and
improvement. The languages, methodologies and tools which support these ac-
tivities are all well within its scope. Different blends of theory and practice are
represented, with an inclination towards theory with a practical motivation on
one hand and soundly-based practice on the other. Many of the issues involved
in software design apply to systems in general, including hardware systems, and
the emphasis on software is not intended to be exclusive.

ETAPS is a natural development from its predecessors. It is a loose confed-
eration in which each event retains its own identity, with a separate programme
committee and independent proceedings. Its format is open-ended, allowing it to
grow and evolve as time goes by. Contributed talks and system demonstrations
are in synchronized parallel sessions, with invited lectures in plenary sessions.
Two of the invited lectures are reserved for “unifying” talks on topics of interest
to the whole range of ETAPS attendees. The aim of cramming all this activity
into a single one-week meeting is to create a strong magnet for academic and
industrial researchers working on topics within its scope, giving them the op-
portunity to learn about research in related areas, and thereby to foster new
and existing links between work in areas that have hitherto been addressed in
separate meetings.

ETAPS’98 has been superbly organized by José Luis Fiadeiro and his team
at the Department of Informatics of the University of Lisbon. The ETAPS steer-
ing committee has put considerable energy into planning for ETAPS’98 and its
successors. Its current membership is:

André Arnold (Bordeaux), Egidio Astesiano (Genova), Jan Bergstra
(Amsterdam), Ed Brinksma (Enschede), Rance Cleaveland (Raleigh),
Pierpaolo Degano (Pisa), Hartmut Ehrig (Berlin), José Fiadeiro (Lis-
bon), Jean-Pierre Finance (Nancy), Marie-Claude Gaudel {Paris), Tibor



Vi

Gyimothy (Szeged), Chris Hankin (London), Stefan Jahnichen (Berlin),
Uwe Kastens (Paderborn), Paul Klint (Amsterdam), Kai Koskimies (Tam-
pere), Tom Maibaum (London), Hanne Riis Nielson (Aarhus), Fernando
Orejas (Barcelona), Don Sannella (Edinburgh, chair), Bernhard Steffen
(Dortmund), Doaitse Swierstra (Utrecht), Wolfgang Thomas (Kiel)

Other people were influential in the early stages of planning, including Peter
Mosses (Aarhus) and Reinhard Wilhelm (Saarbriicken). ETAPS’98 has received
generous sponsorship from:

Portugal Telecom

TAP Air Portugal

the Luso-American Development Foundation

the British Council

the EU programme “Training and Mobility of Researchers”

the University of Lisbon

the European Association for Theoretical Computer Science

the European Association for Programming Languages and Systems
the Gulbenkian Foundation

I would like to express my sincere gratitude to all of these people and organi-
zations, and to José in particular, as well as to Springer-Verlag for agreeing to
publish the ETAPS proceedings.

Edinburgh, January 1998 Donald Sannella
ETAPS Steering Committee chairman



7th European Symposium on Programming — ESOP’98

ESOP is devoted to fundamental issues in the specification, analysis, and imple-
mentation of programming languages and systems. The emphasis is on research
which bridges the gap between theory and practice.

Traditionally, this has included the following non-exhaustive list of topics:
software specification and verification (including algebraic techniques and model
checking), programming paradigms and their integration (including functional,
logic, concurrent and object-oriented), semantics facilitating the formal develop-
ment and implementation of programming languages and systems, advanced type
systems (including polymorphism and subtyping), program analysis (including
abstract interpretation and constraint systems), program transformation (in-
cluding partial evaluation and term rewriting), and implementation techniques
(including compilation).

The programme committee received 59 submissions from which 17 papers

were accepted. This proceedings volume also includes an invited contribution by
Gert Smolka.

Programme Committee:

J. de Bakker (The Netherlands) P. Lee (USA)

L. Cardelli (UK) H.R. Nielson (Denmark)
A. Deutsch (France) M. Odersky (Australia)
R. Giegerich (Germany) A. Pettorossi (Italy)

R. Gliick (Denmark) A. Porto (Portugal)

R. Gorrieri (Italy) D. Sands (Sweden)

C. Hankin (UK, chair) D. Schmidt (USA)

P. Hartel (UK)

I would like to thank the members of the programme committee and their
sub-referees; the sub-referees are listed below. I also wish to express my gratitude
to Hanne Riis Nielson, for passing on the wisdom she gained in chairing ESOP’96,
and Don Sannella and José Luis Fiadeiro for the excellent job that they have
done in organising ETAPS’98.

ESOP’98 was organised in cooperation with ACM SIGPLAN,

London, January 1998 Chris Hankin
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Concurrent Constraint Programming
Based on Functional Programming
(Extended Abstract)

Gert Smolka

Programming Systems Lab
DFKI and Universitat des Saarlandes
Postfach 15 11 50, D-66041 Saarbriicken, Germany
smolka@dfki.de, http://www.ps.uni-sb.de/"smolka/

1 Introduction

We will show how the operational features of logic programming can be added
as conservative extensions to a functional base language with call by value se-
mantics. We will address both concurrent and constraint logic programming [9,
2,18]. As base language we will use a dynamically typed language that is ob-
tained from SML by eliminating type declarations and static type checking. Our
approach can be extended to cover all features of Oz [6,15].

The experience with the development of Oz tells us that the outlined ap-
proach is the right base for the practical development of concurrent constraint
programming languages. It avoids unnecessary duplication of concepts by reusing
functional programming as core technology. Of course, it does not unify the
partly incompatible theories behind functional and logic programming. They
both contribute at a higher level of abstraction to the understanding of different
aspects of the class of programming languages proposed here.

2 The Base Language DML

As base language we choose a dynamically typed language DML that is obtained
from SML by eliminating type declarations and static type checking. Given the
fact that SML is a strictly statically typed language this surgery is straightfor-
ward. To some extent it is already carried out for the definition of the dynamic
semantics in the definition of SML [4].

There are several reasons for choosing SML. For the extensions to come it
is essential that the language has call by value semantics, sequential execution
order, and assignable references. Moreover, variants, records and exceptions are
important. Finally, SML has a compact formal definition and is well-known.

Since SML does not make a lexical distinction between constructors and
variables, we need to retain constructor declarations. Modules loose their special
status since they can be easily expressed with records functions.

Since DML is dynamically typed, the primitive operations of the language
will raise suitable exceptions if some of their arguments are ill-typed. Equality



in DML is defined for all values, where equality of functions is defined analogous
to references.

Every SML program can be translated into an DML program that produces
exactly the same results. Hence we can see SML as a statically typed language
that is defined on top of DML. There is the interesting possibility of a program-
ming system that based on DML offers a variety of type checking disciplines.
Code checked with different type disciplines can be freely combined.

To provide for the extensions to come, we will organize the operational se-
mantics of DML in a style that is rather different from the style used in the
definition of SML [4].

3 Values

We distinguish between primitive values and compound values. Primitive values
include numbers, nullary constructors, and names. Names represent primitive
operations, reference cells, and functions. Compound values are obtained by
record and variant construction.

We organize values into a first-order structure over which we obtain suf-
ficiently rich first-order formulas. This set-up gives us a relation a & ¢ that
holds if an assignment « satisfies a formula ¢. An assignment is a mapping from
variables to values. The details of such a construction can be found in [17].

4 States

A state is a finite function ¢ mapping addresses a to so-called units u. Units are
either primitive values other than names or representations of records, variants,
reference cells, functions, and primitive operations:

{l1 = al,...,lk = ak}
c(a)
ref(a)
fun{Match, Env)

primop

A match Match is a sequence of clauses (py=>e; | ... | pg=>er). An environ-
ment Env is a finite function from program variables to addresses.

For technical convenience we will identify addresses, names and variables
occurring in formulas. We say that an assignment ¢ satisfies a state o and write
a | o if for every address a in the domain of ¢ the following holds:

1. If o(a) is a primitive value v, then a(a) = v.

2. If o(a) is a reference cell, a function, or primop, then a(a) = a.

3. Ifo(a) ={l; = a1,...,lk = ax}, then a(a) = {l; = ala1),..., Ik = a(a)}.
4. If o(a) = c(a'), then a(a) = c(a(a’)).



Note that every state is satisfiable and that all assignments satisfying a state o
agree on the domain of o.

Our states and environments are different from the corresponding notions
in the definition of SML. There environments map program variables to values
and states map addresses to values. In our set-up environments map program
variables to addresses and states map addresses to units. This means that our
states represent both stateful and stateless information. Moreover, our states
make structure sharing explicit. The sharing information is lost when we move
from a state to a satisfying assignment. Given a state o, the unique restriction
of an assignment satisfying o to the domain of ¢ is an environment in the sense
of the definition of SML.

The relation o |= ¢ is defined to hold if and only if every assignment that
satisfies o also satisfies ¢. If the free variables of ¢ are all in the domain of o,
then we have either o = ¢ or ¢ = —¢. This means that a state has complete
information about the values of its addresses. We require that the first-order
language be rich enough so that for every o there exists a formula ¢ such that

akEoc < afE¢

for all assignments a.. Note that o determines ¢ up to logical equivalence. We use
¢ to denote a constraint with the above property and say that ¢, represents
the logic content of o.

5 Thread and Store

The operational semantics of DML distinguishes between a thread and a store.
The thread is a functional evaluator that operates on the store. The states of the
store are the states defined above. The store should be thought of as an abstract
data type that is accessed by the thread only through a number of predefined
operations. An example of such an operation is record selection, which takes an
address a and a label | and returns an address or an exception packet.

An interesting primitive operation is the equality test a; = as. It returns
true if 0 = a1 = a; and false if o = ~a; = a2. Note that this definition yields
structural equality for records and variants.

We write ¢ — o' to say that there is an operation on the store that will
replace the state o with a state o'. The following monotonicity property holds
for DML and all extensions we will consider:

cEdANTod => o=

provided all free variables of ¢ are in the domain of o.

6 Logic Variables

We now extend DML with logic variables, one of the essentials of logic program-
ming. Logic variables are a means to represent in a state partial information



about the values of addresses. Logic variables are modelled with a new unit
lvar. The definition of states is extended so that a state may map an address
also to lvar or an address. We only admit states ¢ whose dereference relation
a —, a' is terminating, where a —, o’ holds iff o(a) = a’. The case o(a) = a’
may appear when a logic variable is bound. We use 0*(a) to denote the unique
normal form of a with respect to the dereference relation —,. The definition of
the relation o |= o is extended as follows:

1. If o(a) = 1var, then there is no constraint on a(a).
2. If g(a) = o', then a(a) = a(a’).

States can now represent partial information about the values of their addresses.
This means that ¢ does not necessarily determine the truth value of a formula
¢ whose free variables are in the domain in o.

Our states contain more information than necessary. For instance, if o(a) =
a; and a(a1) = az, then the difference between o and a{az/a] cannot be observed
at the level of the programming language. In general, we impose the semantic
requirement that for a state ¢ and addresses a; and ay such that ¢ = a1 = a9
the difference between a; and as must not be observable. As it comes to space
complexity, it is nevertheless important to model structure sharing.

The existing operations of DML are extended to the new states as follows.
If an operation needs more information about its arguments than the state pro-
vides, then the operation returns the control value blocked. If there is only one
thread, then computation will terminate. If there are several threads, the thread
will retry the operation in the hope that other threads have contributed the
missing information (see next section).

A match (e.g., (x::xr => e; | nil => ey)) blocks until the store contains
enough information to commit to one of the clauses or to know that none applies.
Of particular interest is the equality test a; =aq, which we defined to return true
ifo |E a1 = as and falseif ¢ = —a; = ay. Since in the presence of logic variables
o may entail neither a; = as nor = a; = az, the equality test a;=as may block.
There is an efficient incremental algorithm [17] that checks for entailment and
disentailment of equations a; = as.

We say that an operation is granted by o if it does not block on o. All
extensions we will consider will satisfy the generalized monotonicity condition:

if o grants o and ¢ — ¢, then ¢’ grants o.
The operation
lvar: unit -> ’a
creates a fresh logic variable and returns its address. The operation
isvar: ’a -> bool

returns true if its argument a dereferences to a logic variable (i.e., o(c*(a)) =
lvar) and false otherwise. The variable binding operation



<-: ’a % ’a -> '3

expects that its left argument is a logic variable, binds it to its right argument,
and returns the right argument. More precisely, if <- is applied to (a;,a2) and
o*(a1) = as, o(az) = lvar and o*(az) = a4, we distinguish two cases:

1. If a3 = a4, then there is no side effect and a4 is returned.
2. If a3 # a4, then the store is updated to o[as/as] and a4 is returned.

The operation
wait: ’a -> ’a

is an identity function that blocks until its argument is bound to a nonvariable
unit. This operation is useful for concurrent programming.

7 Multiple Threads

It is straightforward to extend DML with multiple threads. We use interleaving
semantics, that is, the operations threads perform on the store do not overlap
in time. Threads can be created with the expression

spawn e

which spawns a new thread evaluating e and returns (). Often it is convenient
to use the derived form

thread e
which expands to
let val z = 1lvar() in (spawn z <- e); x end

where z is a program variable that does not occur free in e. For instance, if we
want to evaluate the constituents of the application e(e;,e2) concurrently, we
can simply write

(thread e) (thread e;, thread e;)

since the necessary synchronization comes for free.
The combination of logic variables and reference cells provides for powerful
synchronization techniques. For this we need an operation

exchange: ’a ref * ’a -> ’a

which updates the reference cell given as first argument to hold the second
argument and returns the previous content of the cell. Now a function

mutex: (unit -> ’a) -> ’a

that applies the function given as argument under mutual exclusion can be
written as follows:



local val r = ref()

in
fun mutex(a) =
let val ¢ = 1lvar()
in wait(exchange(r,c));
let val v = a() in ¢ <- (); v end

end

end;

A function

channel: unit -> {put: ’a -> unit, get: unit -> ’a}

that returns an asynchronous channel (i.e., a concurrent queue) can be written
as follows:

fun channel() =
let val init = lvar()
val putr = ref init
val getr = ref init
fun put(x) =
let val new = lvar()
val old = exchange(putr,new)
in old <- x::new; () end
fun get() =
let val new = lvar()
val x::c = exchange(getr,new)
in new <- ¢ ; x end
in {put=put, get=get} end

The put function puts items on the channel and the get function gets items from
the channel. The get function blocks until there is an item on the channel. The
blocking is caused by the match

val x::c = exchange(getr,new)

To obtain fairness, the simple requirement that every thread that is not
blocked will eventually advance suffices. In the two examples above starvation
is excluded since the blocked threads are implicitly queued by means of logic
variables. Note that both example functions encapsulate the logic variables they
introduce. Our simple fairness requirement rests on the generalized monotonicity
condition stated above (i.e., the property that a thread can advance cannot be
invalidated by the operations performed by other threads). Languages that take
channels as concurrency primitive (e.g., Pict [7]) require the more complicated
fairness condition that our channels implement with logic variables.

The outlined style of concurrent programming originated with Oz and is
explored in [15,1]. The paper [15] relates to a previous version of Oz that did
not have sequential composition. The book [1] is based on the current version



of Oz and explores concurrent programming with object-oriented abstractions.
The interested reader may also consult [19], which outlines a distributed version
of Oz currently under development.

8 Unification

Next we define unification. We say that ¢’ is obtained from o by a narrowing
step if there are addresses a and a' in the domain of ¢ such that o(a) = lvar,
o*(a’) # a, and ¢’ = ola'/a). Note that the variable binding operation <-
performs a narrowing step if it succeeds. We say that ¢’ is obtained from o
by unification of a1 and ag if ¢’ can be obtained from ¢ by a minimal number of
narrowing steps such that ¢’ = a1 = ap holds. If there is such a o', we say that
a1 and ay are unifiable in o. If ¢’ is obtained from ¢ by unification of a; and a»,
then ¢, is logically equivalent to ¢, A a; = az. Moreover, a; and as are unifiable
in o if and only if ¢, A a1 = as is satisfiable. This logical characterisation of
unification is a design principle and will also hold for the constraint extensions
introduced in later sections.
The unification operation

==: ’a * ’a -> ’a

expects that its two arguments a; and ag be unifiable. If this is the case, it
narrows the state accordingly and returns a,. Otherwise, it returns an exception
packet.

Our states combine first-order constraints with higher-order functions and
reference cells. Unification only concerns the part of a state that represents first-
order constraints. Investigations of unification and constraint solving that relate
to the unification defined here can be found in [3,17].

9 Choices

An essential feature of logic programming is a built-in mechanism for search. To
add this feature to DML, we introduce choice expressions of the form

choice e;l...lex

A choice is evaluated by replacing it with one of its alternatives e,. To make this
practical, the choices are tried from left to right employing chronological back-
tracking as in Prolog. We arrange things such that a speculative computation
terminates with failure if a unification operation fails. If there is only one thread,
this gives us the search mechanism of pure Prolog.

If there are multiple threads, we require that a choice is only committed once
all other threads are either blocked or can only advance by committing a choice.



10 Spaces

The outlined Prolog-like search is not satisfactory in a concurrent setting since
search is done at the top level and cannot be encapsulated into concurrent agents.
It also fails to provide means for programming search engines like all solution
search. This long standing problem of logic programming is solved by Oz with
a new concept called spaces. A space is a box consisting of a store and threads.
Computation in a space is speculative and does not have a direct effect outside.
Computation in a space proceeds until the space becomes either failed or stable.
Stability means that no thread can advance except by committing a choice. There
is an operation that blocks until a space is failed or stable and then reports the
result. For stable spaces there are two possibilities: either there is a pending
choice or not. If there is no pending choice, the space can be merged with the
parent space to obtain the result of the speculative computation. If there is a
pending choice, the space can be cloned and be committed to the respective
alternatives.

Spaces turn out to be a simple and flexible means for programming search
engines. A first version is described in [11,14]. A recent paper on spaces and
their use is [10].

11 Finite Domain Constraints

Finite domain constraints are constraints over integers that in conjunction with
constraint programming yield a powerful tool for solving combinatorial problems
like scheduling (2, 18,12]. To include them in our framework, we introduce a new
unit 1var(D) that represents a logic variable that is constrained to take a value in
D, where D must be a finite set of integers. Variable binding and unification are
adapted so that they respect finite domain constraints. The primitive operations
of DML treat finite domain variables like unconstrained variables. There is a
new primitive operation

fdvar: findom -> int

that returns a fresh logic variable constrained to the finite domain given as
argument. Unification is extended to handle constrained logic variables according
to their logical meaning. For instance, the expression

let val x = fdvar[1,2] val y = fdvar[0,2] in x == y end

is equivalent to the expression 2.

More expressive constraints like 2% x = y are realized with concurrent agents
called propagators. For instance, if the store knows that z € {1,...,10} and
y € {1,...,9}, a propagator for the constraint 2+z = y can narrow the domains
of z and y to z € {1,2,3,4} and y € {2,4,6,8}. This form of inference is
called constraint propagation. In general, there will be many propagators that
communicate through the store. The power of a constraint programming system
depends on the class of propagators it offers. Depending on the constraints they



realize, propagators often use nontrivial algorithms. A ubiquitous constraint is
“Zq,...,xz are all different”. For instance, if the store knows

z€{1,2,3} ye{l,2,3} 2€{1,2,3} we{l,23,4,5} ve{l,3,4}
a propagator for “x,y, z,u, v are all different” can narrow the domains to
z €{1,2,3} ye{1,2,3} ze{1,2,3} ue{5} ve{4}

which determines the values of u and v. There is a complete propagation algo-
rithm for the all different constraint that has quadratic complexity in the number
variables and possible values [8].

12 TFeature Constraints

Feature constraints are constraints over records that have applications in com-
putational linguistics and knowledge representation. There is a parameterized
primitive operation

tellfeature#label: record * ’a -> unit

that constrains its first argument to be a record that has a field with the label
label and with the value that is given as second argument. For instance,

tellfeature#age(x,y)

posts the constraint that x is a record of the form {age=y,...}.
To accommodate feature constrains, we use units of the form

var(w, {l1 = a1,...,lx = ar})

that represent logic variables that are constrained to records as specified. A

record satisfies the above specification if it has at most w fields and at least a

field for every label I, with a value that satisfies the constraints for the address a;.

The metavariable w stands for a nonnegative integer or oo, where k < w.
There is also a primitive operation

tellwidth: record * int -> unit

that constrains its first argument to be a record with as many fields as specified
by the second argument.

The operation tellfeature is in fact a unification operation. It narrows the
store in a minimal way so that the logic content of the new state is equivalent
to the logic content of the old state conjoined with the feature constraint told.
For instance, the expression

let val x = lvar()
in tellwidth(x,1); tellfeature#a(x,7); x end

is equivalent to the expression {a=7}.

Feature constraints and the respective unification algorithms are the subject
of [17]. Feature constraints are related to Ohori’s [5] inference algorithm for
polymorphic record types.
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13 Conclusion

The main point of the paper is the insight that logic and concurrent constraint
languages can be profitably based on functional core languages with call by
value semantics. This avoids unnecessary duplication of concepts. SML wins
over Scheme since it has richer data structures and factored out reference cells.

Our approach does not unify the theories behind functional and logic pro-
gramming. It treats the extensions necessary for concurrent constraint program-
ming at an abstract implementation level. To understand and analyse concurrent
constraint programming, more abstract models are needed (e.g., [9,2,13,15,16]).

It seems feasible to extend the SML type system to logic variables and con-
straints. Such an extension would treat logic variables similar to reference cells.
Feature constraints could possibly be treated with Ohori’s polymorphic record
types [5].

The approach presented here is an outcome of the Oz project. The devel-
opment of Oz started in 1991 from logic programming and took several turns.
Oz subsumes all concepts in this paper but has its own syntax and is based on
a relational rather than a functional core. The relational core makes Oz more
complicated than necessary. The insights formulated in this paper can be used
to design a new and considerably simplified version of Oz. Such a new Oz would
be more accessible to programmers experienced with SML and would be a good
vehicle for teaching concurrent constraint programming.
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A Bisimulation Method for
Cryptographic Protocols
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Abstract. We introduce a definition of bisimulation for cryptographic
protocols. The definition includes a simple and precise model of the
knowledge of the environment with which a protocol interacts. Bisim-
ulation is the basis of an effective proof technique, which yields proofs of
classical security properties of protocols and also justifies certain protocol
optimisations. The setting for our work is the spi calculus, an extension
of the pi calculus with cryptographic primitives. We prove the soundness
of the bisimulation proof technique within the spi calculus.

1 Introduction

In reasoning about a reactive system, it is necessary to consider not only the
steps taken by the system but also the steps taken by its environment. In the
case where the reactive system is a cryptographic protocol, the environment may
well be hostile, so little can be assumed about its behaviour. Therefore, the envi-
ronment may be modelled as a nondeterministic process capable of intercepting
messages and of sending any message that it can construct at any point. This
approach to describing the environment is fraught with difficulties; the result-
ing model can be somewhat arbitrary, hard to understand, and hard to reason
about.

Bisimulation techniques [Par81,Mil89] provide an alternative approach. Ba-
sically, using bisimulation techniques, we can equate two systems whenever we
can establish a correspondence between their steps. We do not need to describe
the environment explicitly, or to analyse its possible internal computations.

Bisimulation techniques have been applied in a variety of areas and under
many guises. Their application to cryptographic protocols, however, presents
new challenges.

— Consider, for example, a secure communication protocol P(M), where some
cleartext M 1is transmitied encrypted under a session key. We may like to
argue that P(M) preserves the secrecy of M, and may want to express this
secrecy property by saying that P(M) and P(N) are equivalent, for every M
and N. This equivalence may be sensible because, although P(M) and P(N)
send different messages, an attacker that does not have the session key cannot
identify the cleartext. Unfortunately, a standard notion of bisimulation would
require that P(M) and P{N) send identical messages. So we should relax
the definition of bisimulation to permit indistinguishable messages.
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— In reasoning about a protocol, we need to consider its behaviour in reaction
to inputs from the environment. These inputs are not entirely arbitrary.
For example, consider a system P(M) which discloses M when it receives a
certain password. Assuming that the password remains secret, P(M) should
be equivalent to P(N). In order to argue this, we need to characterise the set
of possible inputs from the environment, and to show that it cannot include
the password.

— Two messages that are indistinguishable at one point in time may become
distinguishable later on. In particular, the keys under which they are en-
crypted may be disclosed to the environment, which may then inspect the
cleartext that these keys were concealing. Thus, the notion of indistinguisha-
bility should be sensitive to future events.

Conversely, the set of possible inputs from the environment grows with time,
as the environment intercepts messages and learns values that were previ-
ously secret.

In short, a definition of bisimulation for cryptographic protocols should ex-
plain what outputs are indistinguishable for the environment, and what inputs
the environment can generate at any point in time. In this paper we introduce a
definition of bisimulation that provides the necessary account of the knowledge
of the environment. As we show, bisimulation can be used for reasoning about
examples like those sketched informally above. More generally, bisimulation can
be used for proving authenticity and secrecy properties of protocols, and also for
justifying certain protocol optimisations.

We develop our bisimulation proof technique in the context of the spi cal-
culus [AG97a,AG97b,AG97¢,Aba97], an extension of the pi calculus [MPW92]
with cryptographic primitives. For simplicity, we consider only shared-key cryp-
tography, although we believe that public-key cryptography could be treated
through similar methods. Within the spi calculus, we prove the soundness of our
technique. More precisely, we prove that bisimulation yields a sufficient condi-
tion for testing equivalence, the relation that we commonly use for specifications
in the spi calculus.

We have developed other proof techniques for the spi calculus in earlier work.
The one presented in this paper is a useful addition to our set of tools. Its
distinguishing characteristic is its kinship to bisimulation proof techniques for
other classes of systems. In particular, bisimulation proofs can often be done
without creativity, essentially by state-space exploration.

The next section is a review of the spi calculus. Section 3 describes our proof
method and Section 4 illustrates its use through some small examples. Section 5
discusses related work. Section 6 concludes.

2 The Spi Calculus (Review)

This section reviews the spi calculus, borrowing from earlier presentations. It
gives the syntax and informal semantics of the spi calculus, introduces the main
notations for its operational semantics, and finally defines testing equivalence.
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2.1 Syntax

We assume an infinite set of names and an infinite set of variables. We let c,
m, n, p, ¢, and r range over names, and let w, x, y, and z range over variables.
When they represent keys, we let k¥ and K range over names too.

The set of terms is defined by the grammar:

L, M N := terms
n name
(M,N) pair
0 zero
suc(M) successor
{M}n encryption
z variable

Intuitively, {M}n represents the ciphertext obtained by encrypting the term
M under the key N using a shared-key cryptosystem such as DES [DES77]. In
examples, we write 1 as a shorthand for the term suc(0).

The set of processes is defined by the grammar:

P,Q,R = processes
M(N).P output
M(z).P input (scope of z is P)
P|Q composition
(vn)P restriction (scope of n is P)
\P replication
[Mis N| P match
0 nil
let (z,y)=M in P pair splitting (scope of z, y is P)
case M of 0: P suc(x):Q integer case (scope of z is @)
case L of {z}n in P decryption (scope of z is P)

We abbreviate M (N).0 to M(N). We write P[M/z] for the outcome of replacing
each free occurrence of z in process P with the term M, and identify processes
up to renaming of bound variables and names. Intuitively, processes have the
following meanings:

— An output process M{N).P is ready to output N on M, and then to behave
as P. The output happens only when there is a process ready to input from
M. An input process M(z).Q is ready to input from M, and then to behave
as Q[N/z], where N is the input received.

— A composition P | @ behaves as P and @ running in parallel.

— A restriction (vn)P is a process that makes a new, private name n, which
may occur in P, and then behaves as P.

— A replication P behaves as infinitely many replicas of P running in parallel.

— A match [M is N] P behaves as P provided that M and N are the same
term; otherwise it is stuck, that is, it does nothing.

— The nil process 0 does nothing.
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— A pair splitting process let (z,y) = M in P behaves as P[N/z][L/y] if M is
a pair (N, L), and it is stuck if M is not a pair.

— An integer case process case M of 0: P suc(zx) : Q behaves as P if M is 0,
as Q[N/z] if M is suc(N) for some N, and otherwise is stuck.

— A decryption process case L of {z}n in P attempts to decrypt L with
the key N. If L has the form {M}n, then the process behaves as P[M/z].
Otherwise the process is stuck.

For example, P = m(z).case = of {y}x in M({0},) is a process that is ready
to receive a message z on the channel m. When the message is a ciphertext of
the form {y}x, process P sends 0 encrypted under y on the channel m. This
process may be put in parallel with a process Q = m({K'} k), which sends the
name K' encrypted under K on the channel m. In order to restrict the use of
K to P and @, we may form (vK)(P | Q). The environment of (vK)(P | Q)
will not be able to construct any message of the form {y}k, since K is bound.
Therefore, the component P of (vK)(P | Q) may output {0}k, but not {0},
for any z different from K'. Alternatively, the component P of (vK)(P | Q) may
produce no output: for example, were it to receive 0 on the channel m, it would
get stuck.

We write fn(M) and fn(P) for the sets of names free in term M and process
P respectively, and write fu(M) and fu(P) for the sets of variables free in M
and P respectively. A term or process is closed if it has no free variables.

2.2 Operational Semantics

An abstraction is an expression of the form (z)P, where z is a bound variable
and P is a process. Intuitively, (z)P is like the process p(z).P minus the name
p. A concretion is an expression of the form (vmy,...,mg){M)P, where M is a
term, P is a process, k > 0, and the names m, ..., my are bound in M and P.
Intuitively, (vma, ..., mg){(M)P is like the process (vm1) ... (vmy)p(M) P minus
the name p, provided p is not one of my, ..., my. We often write concretions
as (vm)(M)P, where m = my,...,mg, or simply (v){M)P if k = 0. Finally, an
agent is an abstraction, a process, or a concretion. We use the metavariables A
and B to stand for arbitrary agents, and let fu(A) and fn(A) be the sets of free
variables and free names of an agent A, respectively.

A barb is a name m (representing input) or a co-name 7 {representing out-
put). An action is a barb or the distinguished silent action 7. The commitment
relation is written P — A, where P is a closed process, a is an action, and A
is a closed agent. The exact definition of commitment appears in earlier papers
on the spi calculus [AG97b,AG97c]; informally, the definition says:

— P 5 @ means that P becomes @ in one silent step (a 7 step).
— P 4 (2)Q means that, in one step, P is ready to receive an input = on m
and then to become Q.

-p7 (vma,...,mg){M)Q means that, in one step, P is ready to create the
new names ms, ..., Mg, to send M on m, and then to become Q.
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2.3 'Testing Equivalence

We say that two closed processes P and (Q are testing equivalent, and write
P ~ @, when for every closed process R and every barb g, if

PIRS" P 24
for some P’ and A, then

QIR Q5B
for some Q' and B, and vice versa.

For example, the processes (vK)m{{0}x) and (vK)m({1}k) are testing
equivalent. We may interpret this equivalence as a security property, namely
that the process (vK)m{{z}k) does not reveal to its environment whether z
is 0 or 1. In the examples contained in Section 4 and in earlier papers, various
other properties (including, in particular, secrecy properties) are formulated in
terms of testing equivalence.

In this paper we develop a sound technique for proving testing equivalence:

we introduce a definition of bisimulation and show that if two closed processes
are in one of our bisimulation relations then they are testing equivalent.

3 Framed Bisimulation

This section defines our notion of bisimulation, which we call framed bisimula-
tion.

3.1 Frames and Theories

Our definition of bisimulation is based on the notions of a frame and of a theory.
A bisimulation does not simply relate two processes P and @), but instead relates
two processes P and @ in the context of a frame and a theory. The frame and
the theory represent the knowledge of the environment of P and Q.

— A frame is a finite set of names. Intuitively, a frame is a set of names available
to the environment of the processes P and (). We use fr to range over frames.

— A theory is a finite set of pairs of terms. Intuitively, a theory that includes a
pair (M, N) indicates that the environment cannot distinguish the data M
coming from process P and the data N coming from process ). We use th
to range over theories.

Next we define the predicate (fr,th) - M + N inductively, by a set of rules.
Intuitively, this predicate means that the environment cannot distinguish M
coming from P and N coming from @, and that the environment has (or can
construct) M in interaction with P and N in interaction with Q.

(Eq Frame) (Eq Theory) (Eq Variable)
n e fr (M,N) € th
(frithYFnen  (frth)yF Mo N (frthYrz oz
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{Eq Pair) (Eq Zero)
(frith) - M o M (fr,th)F N & N'
(frith) (M, N) < (M',N') (fr,th) F 0 & 0

(Eq Suc) (Eq Encrypt)
(fryth) F M & M’ (frth) - M & M’ (fr,th) F N & N’
(fr,th) F suc(M) ¢ suc(M') (froth) F {M}n & {M'}n

For example, if fr = {n} and th = {({0}k,{n}k)}, where n and K are
distinct names, then we have (fr,th) F n <+ n and (fr,th) {0}k < {n}k, and
also (fr,th) F (n,{0}k) & (n,{n}k), but we have neither (fr,th) F K < K nor
(fr,th) F {n}k ¢ {0}k.

We say that the pair (fr,th) is ok, and write (fr,th) & ok, if two conditions
hold:

(1) whenever (M, N) € th:
— M is closed and there are terms M; and My such that M = {Mi}a,
and there is no N; such that (fr,th) F My 4 Ny;
— N is closed and there are terms N; and Ny such that N = {N;}n, and
there is no M> such that (fr,th) F My < No;
(2) whenever (M, N) € th and (M',N’) € th, M = M’ if and only if N = N'.

Intuitively, the first condition requires that each term in a pair (M, N) in a the-
ory be formed by ciphertexts that the environment cannot decrypt. For example,
the requirement that there be no Ns such that (fr,th) F My < N2 means that
the environment cannot construct My for decrypting M. The second condition
guarantees that no ciphertext is equated to two other ciphertexts. This condi-
tion is essential because the environment can compare ciphertexts even when it
cannot decrypt them (see Example 2 of Section 4).

3.2 Ordering Frame-Theory Pairs

We define an ordering between pairs of frames and theories as follows: we let
(fr,th) < (fr',th’) if and only if for all M and N, (fr,th) - M < N implies
(fr',th') M < N. This relation is reflexive and transitive. It is not the same
as the pairwise ordering induced by subset inclusion; fr C fr' and th C th' imply
(fr,th) < (fr',th’), but the converse implication does not hold.

Proposition 1. Suppose (fr',th') & ok. Then (fr,th) < (fr',th’) if and only if
frCfr' and (fr',th") - M & N for each (M,N) € th.

As indicated above, we view a pair (fr,th) as a representation for the knowl-
edge of an environment. With this view, and assuming that (fr',th') F ok,
the relation (fr,th) < (fr',th’) means that the environment may go from the
knowledge represented in (fr,th) to the knowledge represented in (fr',th'). The
definition of (fr,th) < (fr',th') implies that the set of names and terms that the
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environment has (or can construct) grows in this transition. It also implies that
any indistinguishable pair of terms remains indistinguishable after the transi-
tion. So, if ever we assert that (fr,th) characterises an environment, we should
take care that (fr,th) does not imply that the environment cannot distinguish
two terms M and N if later information would allow the environment to distin-
guish these terms. For example, if fr' includes the name n, then th should not
contain ({0}, {1}»). Intuitively, the acquisition of the name n would allow the
environment to distinguish {0}, and {1}, so (fr',th’) F {0}, ¢ {1}, would
not hold. On the other hand, th may contain ({0},, {0},); in that case, th' could
not contain ({0}, {0},), but we would at least have (fr',¢h') - {0}, & {0},.

3.3 Framed Relations and Bisimulations

For a theory th, we let fn(th) = J{m(M) U fa(N) | (M,N) € th}. We let
w1 (th) = {M | (M,N) € th} and m(th) = {N | (M,N) € th}, and write
fn(mi(th)) and fn(m2(th)) for the sets of names | J{fn(M) | M € mi(th)} and
U{fn(N) | N € ma(th)} respectively.

A framed process pair is a quadruple (fr,th, P, Q) such that P and @ are
closed processes, fr is a frame, and th is a theory. When R is a set of framed
process pairs, we write (fr,th) F P R @ to mean (fr,th,P,Q) € R. A framed
relation is a set R of framed process pairs such that (fr,th) F ok whenever
(frith) - PR Q.

A framed simulation is a framed relation S such that, whenever (fr,th)
P S Q, the following three conditions hold.

— If P =5 P’ then there is a process Q' with Q —— Q' and (fr,th) F P' S Q'.

— If P -5 (z)P' and ¢ € fr then there is an abstraction (z)Q' with Q@ —
(z)Q' and, for all sets {71} disjoint from fn(P)U fn(Q) U fr U fn(th) and all
closed M and N, if (frU{fi},th) - M < N then (frU{@},th)+ P'[M/z] S
Q'[N/a]

—If P =5 (v){M)P', ¢ € fr, and the set {f} is disjoint from fn(P) U
fn(my(th)) U fr then there is a concretion (vi@){(N)Q' with Q@ — (vii)(N)Q’
and the set {7} is disjoint from fn(Q) U fn(me(th))U fr, and there is a frame-
theory pair (fr',th’) such that (fr,th) < (fr',th'), (f',th) F M & N, and
(f' th) F P S Q.

We may explain these conditions as follows.

- The first condition simply requires that if P can take a 7 step then ¢} can
match this step.

— The second condition concerns input steps where the channel ¢ on which
the input happens is in fr (that is, it is known to the environment). In this
case, we must consider the possible inputs M from the environment to (z)P’,
namely the terms M that the environment can construct according to (fr U
{7}, th). The names in 7 are fresh names, intuitively names just generated
by the environment. Correspondingly, we consider the possible inputs N
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for (z)Q’, for an appropriate ()@’ obtained from Q. We then require that
giving these inputs to ()P’ and (z)Q’, respectively, yields related processes
P'[M/z] and Q'[N/z].

The choice of ()@’ is independent of the choices of M and N. So, in the
technical jargon, we may say that S is a late framed simulation.

— The third condition concerns output steps where the channel ¢ on which

the output happens is in fr (that is, it is known to the environment). In
this case, P outputs the term M while creating the names m. The condition
requires that ) can output a corresponding term N while creating some
names 7. It also constrains M and N, and the resulting processes P' and Q'.
The constraints concern a new frame-theory pair (fr', th'). Intuitively, this
pair represents the knowledge of the environment after the output step. The
requirement that (fr',th') F M < N means that the environment obtains
M in interaction with P and N in interaction with @, and that it should
not be able to distinguish them from one another.
Because we do not impose a minimality requirement on (fr',th'), this pair
may attribute “too much” knowledge to the environment. For example, fr'
may contain names that are neither in fr nor in M or N, so intuitively the
environment would not be expected to know these names. On the other hand,
the omission of a minimality requirement results in simpler definitions, and
does not compromise soundness.

A framed bisimulation is a framed relation S such that both S and S~!
are framed simulations. Framed bisimilarity (written ~) is the greatest framed
bisimulation. By the Knaster-Tarski fixpoint theorem, since the set of framed
relations ordered by subset inclusion forms a complete lattice, framed bisimilarity
exists, and equals the union of all framed bisimulations.

Our intent is that our definition of framed bisimulation may serve as the
basis for an algorithm, at least for finite-state processes. Unfortunately, the defi-
nition contains several levels of quantification. The universal quantifiers present
a serious obstacle to any algorithm for constructing framed bisimulations. In
particular, the condition for input steps concerus all possible inputs M and N;
these inputs are of unbounded size, and may contain an arbitrary number of
fresh names. However, we conjecture that the inputs can be classified according
to a finite number of patterns—intuitively, because the behaviour of any finite-
state process can depend on at most a finite portion of its inputs. An algorithm
for constructing framed bisimulations might consider all inputs that match the
same pattern at once. We leave the invention of such an algorithm for future
work.

3.4 Soundness (Summary)

Our main soundness theorem about framed bisimulation is that it is a sufficient
condition for testing equivalence.

Theorem 2. Consider any closed processes P and Q, and any namen ¢ fn(P)U
n(Q). Suppose that (fa(P)U fn(@Q)U {n},0) - P ~; Q. Then P ~ Q.
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This theorem implies that if we want to prove that two processes are testing
equivalent, then we may construct a framed bisimulation S such that (fn(P)U
M (Q)U{n},0) + P S @ where n is a single, arbitrary new name. (The addition
of the name n is technically convenient, but may not be necessary.) The next
section illustrates this approach through several examples.

The proof of this theorem requires a number of auxiliary notations, defini-
tions, and lemmas. We omit the details of the proof, and only indicate its main
idea. In the course of the proof, we extend the relation < to processes: we define
the predicate (fr,th) F P < @ by the following rules.

(Eq Out)
(frith) F M & M'_(fr,th) - N & N'_(fr,th) - P & P'
(fr,th) - M(N).P < M'(N').P'

(Eq In) (Eq Repl)
(frth) - M & M' (frith)F P& P (fr,th)F P & P'
(fr,th) F M (z).P < M'(z).P’ (fr,th) 1P & 1P
(Eq Par) (Eq Res) (where n ¢ fr U fn(th))
(frith) =P & P (fr,ith)F Q « Q' (fru{n},th)F P & P'
(frithYFP| Qe P |Q (fr,th) F (vn)P & (vn)P'
(Eq Match)

(fr,th)F M & M' (fr,th)F N & N' (fr,th) P & P!
(fr,th) b [M is N] P & [M' is N') P'

(Eq Nil) (Eq Let)
(fr,th) - M & M' (fr,th)- P & P’
(fr,thYF 00  (frth)Flet (z,y) =M in P+ let (z,y) = M' in P

(Eq IntCase)
(fr,thYF M & M (fr,thYF P P (frith) - Q & Q'
(fr,th) - case M of 0: P suc(z): Q < case M' of 0: P' suc(z) : Q'

(Eq Decrypt)
(frth)F M & M' (fr,th) - N & N’ (fr,th)F P ¢ P'
(frith) & case M of {z}n in P < case M' of {z}n' in P’

The core of the proof depends on a relation, S, defined so that P § @ if and
only if there is a frame fr, a theory th, and processes P, Py, J1, @2, such that

P=wp)(P|P) Q=wdQ1]|Q2)

and (fr,th) b ok, (fr,th) b P, ~f Q1, and (fr,th) b P, & Q2, where {p} =
(fn(Pr) U fn(m1(th))) ~ fr and {g} = (fn(Q1) U fn(m2(th))) — fr. By a detailed
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case analysis, we may show that S satisfies the definition of a standard notion of
bisimulation—a barbed bisimulation up to restriction and barbed equivalence.
Given some auxiliary lemmas about testing equivalence, the theorem then follows
easily. The construction of S also yields that framed bisimilarity is a sufficient
condition for a strong equivalence called barbed congruence.

The converse of soundness—completeness—does not hold. The failure of com-
pleteness follows from the fact that framed bisimilarity is a sufficient condition
for barbed congruence. (Barbed congruence and a fortiori framed bisimilarity
are sensitive to 7 steps and to branching structure, while testing equivalence is
not.} Incompleteness may be somewhat unfortunate but, in our experience, it
seems to be compatible with usefulness.

4 Examples

This section shows how bisimulations can be exploited in proofs through some
small examples. These examples could not be handled by standard notions of
bisimulation (like that of our earlier work [AG97b,AG97c]). We have worked
through further examples, including some examples with more steps. In all cases,
the proofs are rather straightforward.

Throughout this section, ¢, K, K3, and K, are distinct names, and n is any
name different from c¢. Moreover, M, M', M", M, M3, N1, and N» are closed
terms; it is convenient to assume that no name occurs in them.

Example 1 As a first example, we show that the processes (vK)e({M}x) and

(vK)e{{M'}k) are in a framed bisimulation, so they are testing equivalent.

Intuitively, this means that these processes do not reveal M and M', respectively.
For this example, we let S be the least relation such that:

- ({e,n},0) F (vK)e({M}k) S (vK)e({M'}k)
- {e,n}, {{M}r, {M"})HF0S0

for all names k ¢ {c,n}

Since ({¢,n},0) F ok and ({¢,n}, {({M}r, {M'}r)}) F ok, S is a framed relation.
Next we show that S is a framed simulation; symmetric reasoning establishes
that S~! is one too. Assuming that (fr,th) F P S Q, we need to examine the
commitments of P and (). We consider two cases, which correspond to the two
clauses of the definition of S.

— Suppose that P = (vK)e({M}k) and Q@ = (vK)e{{M'}k). In this case,
we have fr = {¢,n} and th = §. Up to renaming of the bound name K,
the only commitment of P is P ~= (vK){{M}k)0. To establish that S is
a framed simulation, we need only consider the case where K is renamed
to some k ¢ fn(P) U fn(m(0)) U {c,n}, that is, ¥ ¢ {c,n}. By renaming,
we have Q —= (vk)({M'};)0. We let th' = {({M},{M'}x)}. We have

(fr,th) < (fr,th"), (fr,th") b {M}, & {M'}, and (fr,th’) F 0 & 0. Thus,
@ can match P’s commitment.
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— Suppose that P = 0 and () = 0. This case is trivial, since 0 has no commit-
ments.

In short, ({¢,n},0) F (WK)e({M}k) S (wK)e{{M'}k), and S is a framed bisim-
ulation, as desired.

Ezample 2 As a small variant of the first example, we consider the processes
(wEK)e({M}k, {M}K)) and (vK)e(({M '}k, {M"}K)).

When M’ = M", the argument of the first example works for this example
too, with only trivial modifications. We define S as the least relation such that:

- ({en},0) F (vK)E({ M}k, {M}k)) S (vK)E(({M '}k, {M"}K))
= ({e;n}, {({M}r, {M'}x), (M}, {M"}1)}) FOS 0O
for all names k ¢ {c,n}

This relation is a framed bisimulation when M' = M". On the other hand, it is
not a framed bisimulation when M’ # M". In fact, in that case it is not even a
framed relation, because ({¢,n}, {({M}x, {M'}r), {M}s, {M"}1)}) + ok does
not hold (because condition (2) of the definition of ok is not satisfied).

The fact that S is not a framed bisimulation in this case should not be
a concern. It is actually necessary: the processes (WK)e(({M}k,{M}k)) and
(WK)e(({M'}k,{M"}k)) are not testing equivalent when M' # M". The en-
vironment ¢(z).let (z,y) = z in [z is y] ¢(0) distinguishes them. Thus, this ex-
ample illustrates that two ciphertexts that cannot be decrypted can still be
compared, and justifies part of the definition of framed bisimulation.

Ezample 8 As a further variant, we study an example with nested encryption. We
consider the processes (VK;)(vK2)e{({M1,{M2}K,}k,)-¢(K1) and (vK;)(vK>)
¢({N1, {N2}k, } k,)-¢{K1). Each of these processes creates two keys K; and Ko,
sends a ciphertext, and then reveals K;. Anyone who receives K7 can partially
decrypt the ciphertext.

In order to analyse these processes, we let S be the least relation such that:

- ({c,n},(b) F (VKl)(VK2)E({M1v {M2}K2}K1)‘E(K1) S
(VK1) (vK2)e({ N1, {N2} K, } i, ) -€( K1)
= ({eyny b} {({M2} ks, {N2}k,)}) b E(k1) S E(ka)
for all names ki, k2 with k1 # k2 and {ki,k2} N {c,n} =0
- ({c’n’ kl}’ {({M2}k2’ {N2}k2)}) 0S50
for all names ky, ko with k; # ko and {k1,k2} N {c,n} =0

Note how, between the first and the second clauses, the frame has been enlarged
with &y, although the processes considered in the second clause have not yet sent
kq; this simplifies the construction of S and is permitted by the definitions of
Section 3. The assumptions guarantee that ({c,n, k1 }, {({M2}r,, {N2}r,)}) F ok
and hence that S is a framed relation. Moreover, S is a framed bisimulation if
and only if the following condition holds:

({c>n7k1}7{({M2}k2’ {N2}k2)}) F {Mlv{M2}k2}k1 © {Nl’{N2}k2}k1
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In turn, this condition holds if and only if M; = Nj. Intuitively, the equality
M; = N; becomes necessary only when the two processes send the key ki, since
M, and N; are not visible in the first message. Our definition of < guarantees
that the necessity of M; = N; is propagated correctly.

Ezample 4 While all the examples above concern the secrecy of certain outputs,
this one concerns the impossibility of certain inputs. We consider the processes
(vK)e({0}k).c(z).[z is K]€{{0} k) and (vK)&({0}k).c(z).0. The former process
creates a key K, sends {0}k, listens for an input, and if it receives K then it
sends {0}k again. However, we would expect that K will never arrive as an
input to this process, since the process never discloses K (but only {0}k, from
which K itself cannot be deduced). Therefore, we would expect this process to
be equivalent to the latter process, which simply stops upon receipt of a message.
For this example, we let S be the least relation such that:

— ({e,n}, 0) F (vK)e({0} k) .c).[z is K] ({0} k)) S (vK)e({0}x).c().0)
— ({e:n} {({0}, {0}0)}) F (c(). [ is k] 2({0}4)) S (c(z).0)
for all names k with k ¢ {c,n}
- ({e,n, M}, {({0}x, {0}x)}) - ([IV is k] 2({0}x)) S O
for all names k with k ¢ {c,n}, for all sets {nii} disjoint from {¢,n, k},
and all closed terms N and N’ with ({¢,n,m}, {({0}%,{0}x)}) F N & N’
(We are not assuming that no names occur in the closed terms N and N'.)

Since ({¢,n,m},{({0}x,{0}x)}) F N «» N' and k ¢ {c,n,m}, the term N is not
k, so [N is k] €({0}x) — A is not true for any o and A. In other words, the
process [N is k]€({0}%) is stuck. It follows easily that S is a framed bisimulation.

Ezxzample 5 In cryptographic protocols, some keys are generated by consulting
sources of randomness, but it is also common to generate keys by applying
one-way functions to other keys. (Whereas many one-way functions are quite
efficient, randomness and key agreement can be relatively expensive [Sch96b].)
As a final example, we consider a simple protocol transformation inspired by
a common method for generating keys. We compare the process (vK;)(vKs)
c({ M}k, ) c({M>}K,), which generates and uses two keys, with the process (vK)
E({N1}{0}x ) E{ N2} {1}« ) Which generates the master key K and then uses the
derived keys {0}k and {1}k.

In order to show that these processes are testing equivalent, we construct
once more a framed bisimulation. We let S be the least relation such that:

= ({e;n},0) F (vK1 ) (vKR)e({ M1}k, ) S({ M2} k,) S
(VE)({ N1} oy ) S{ N2} 1))
= ({e;n}, {{Ma} iy, {N1}0y) D) F (WE2)E{ M2} k,) S S({N2}ay,)
for all names k and k; with {k,k1} N {c,n} =0
- ({c7 n}’ {({Ml}ku {Nl}{O}k)a ({Mz}kz’ {N2}{1}k.)}) FO0S0
for all names k and k; with {k,k1}N{e,n} =0
and all names k; with k3 ¢ {c,n, k1 }

It is somewhat laborious but not difficult to check that S is a framed bisimula-
tion, much as in the examples above.
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5 Related Work

Park [Par81] first suggested the bisimulation proof technique, in the context
of Milner’s CCS. After Park’s work, bisimulation became a cornerstone of the
theory of CCS [Mil89]. Milner, Parrow, and Walker [MPW92] extensively studied
a variety of forms of bisimulation for the pi calculus, their generalisation of CCS
with name-passing and mobile restrictions. Our definition of framed bisimulation
generalises (and relaxes) the definition of strong bisimulation from earlier work
on the spi calculus [AG97b,AG97c]. We can show that if processes P and @
are strongly bisimilar, then, for all frames fr, (fr,0) - P ~; Q. The converse
implication fails.

According to most other definitions, a bisimulation is a set of pairs of pro-
cesses. According to our definition, a framed bisimulation is a set of quadruples
consisting of a pair of processes grouped with a frame and a theory. According to
a definition of Pierce and Sangiorgi [PS96] for a typed pi calculus, a bisimulation
is a set of pairs of processes indexed by a type assumption that binds types to
channel names. Our use of a frame is a little like their use of typing assumptions,
in that both a frame and a typing assumption delimit the channels on which the
environment may observe the processes in the bisimulation. On the other hand,
the spi calculus is untyped, and our use of a theory to represent compound terms
possessed but not decomposable by the environment seems to be new.

There are also parallels with the work of Pitts and Stark [PS93] on the v-
calculus, a simply-typed A-calculus enriched with dynamic allocation of names.
Pitts and Stark define a logical relation on programs, parameterised by a partial
bijection on the names free in related programs. Their logical relation is sound
for proving observational equivalence; it is incomplete but more generous than
the usual notion of applicative bisimilarity for the v-calculus. A logical relation
is one in which two abstractions are related if and only if they send related
arguments to related results. Given the clause for inputs in the definition of
framed bisimulation, which requires the bodies of two abstractions (z)P’ and
(z)Q' to be related on all related terms M and N, we may say that the relations
(fr,th) F M & N and (fr,th) F P ~; @Q form a parametric logical relation
on the terms and processes of the spi calculus. Like Pitts and Stark’s logical
relation, our logical relation is sound for proving testing equivalence. Further, it
is incomplete but more generous than the usual notion of strong bisimilarity; it
has parameters (the frame and the theory) that serve to identify certain processes
that are distinguished by the usual relation of strong bisimilarity. However, the
analogy with Pitts and Stark’s work is not perfect; in particular, their use of
partial bijections on names is different from our use of frames and theories.

In the last few years, several methods for analysing cryptographic protocols
have been developed within action-based or state-based models (see for exam-
ple [MCF87,Mil95,Kem89,Mea92,GM95,Low96,Sch96a,B0l96,Pau97]). Some of
these models are presented as process algebras, others in logical forms. Often,
the analysis of a protocol requires defining a particular attacker (an environment)
for the protocol; recently, there has been promising progress towards automat-
ing the construction of this attacker. Bisimulation techniques do appear in the
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security literature (as in the work of Focardi and Gorrieri [FG95]), but rarely,
and without special tailoring to cryptographic applications.

6 Conclusions

When reasoning about a cryptographic protocol, we must take into account the
knowledge of the environment with which the protocol interacts. In our definition
of bisimulation, this knowledge is represented precisely as a set of names that
the environment has obtained, and as a set of pairs of ciphertexts that the
environment has received but cannot distinguish. This precise representation of
the knowledge of the environment is the basis for an effective and sound proof
technique. Using this technique, we can construct proofs for small but subtle
cryptographic protocols. The proofs are fairly concise and do not require much
creativity. Therefore, although we have not yet attempted to mechanise our
proofs, we believe that such a mechanisation is possible, and that it may enable
the automatic verification of substantial examples.
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Abstract. We study the notion of binding-time analysis for logic pro-
grams. We formalise the unfolding aspect of an on-line partial deduction
system as a Prolog program. Using abstract interpretation, we collect
information about the run-time behaviour of the program. We use this
information to make the control decisions about the unfolding at analysis
time and to turn the on-line system into an off-line system. We report
on some initial experiments.

1 Introduction

Partial evaluation and partial deduction are well-known techniques for special-
ising respectively functional and logic programs. While both depart from the
same basic concept, there is quite a divergence between their application and
overall approach. In functional programming, the most widespread approach is
to use off-line specialisers. These are typically very simple and fast specialisers
which take (almost) no control decisions concerning the degree of specialisation.
In this context, the specialisation is performed as follows: First, a binding-time
analysis (BTA) is performed on the program which annotates all its statements
as either “reducible” or “non-reducible”. The annotated program is then passed
to the off-line specialiser, which executes the statements marked reducible and
produces residual code for the statements marked non-reducible. In logic pro-
gramming, the on-line approach is almost the only one used. All work is done
by a complex on-line specialiser which monitors the whole specialisation process
and decides on the degree of specialisation while specialising the program. A
few researchers have explored off-line specialisation, but lacking an appropriate
notion of BTA, they worked with hand-annotated programs, something which
is far from being practical. Until now, it was unclear how to perform BTA for
logic programs.

The current paper remedies this situation. It develops a BTA for logic pro-
grams, not by translating the corresponding notions from functional program-
ming to logic programming, but by departing from first principles. Given a logic
program to be specialised, we develop a logic program which performs its on-
line specialisation. The behaviour of this program is analysed and the results are
used to take all decisions w.r.t. the degree of specialisation off-line. This turns
the on-line specialiser into an off-line specialiser. A prototype has been built and
the quality and speed of the off-line specialisation has been evaluated.
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2 Background

2.1 Partial Deduction

In contrast to ordinary (full) evaluation, a partial evaluator receives a program P
along with only part of its input, called the static input. The remaining part of
the input, called the dynamic input, will only be known at some later point in
time. Given the static input S, the partial evaluator then produces a specialised
version Ps of P which, when given the dynamic input D, produces the same
output as the original program P. The goal is to exploit the static input in order
to derive a more efficient program.

In the context of logic programming, full input to a program P consists of a
goal G and evaluation corresponds to constructing a complete SLDNF-tree for
PuU{G}. The static input is given in the form of a partially instantiaied goal G’
(and the specialised program should be correct for all instances of G’).

A technique which produces specialised programs is known under the name of
partial deduction [18]. Its general idea is to construct a finite set of atoms .4 and
a finite set of finite, but possibly incomplete SLDNF-trees (one for every! atom in
A) which “cover” the possibly infinite SLDNF-tree for P U {G’}. The derivation
steps in these SLDNF-trees correspond to the computation steps which have
been performed beforehand and the specialised program is then extracted from
these trees by constructing one specialised clause per non-failing branch.

In partial deduction one usually distinguishes two levels of control: the global
control, determining the set A, thus deciding which atoms are to be partially
deduced, and the local control, guiding construction of the finite SLDNF-trees
for each individual atom in A and thus determining what the definitions for the
partially deduced atoms look like.

2.2 Off-line vs. On-line Control

The (global and local) control problems of partial evaluation and deduction
in general have been tackled from two different angles: the so-called on-line
versus off-line approaches. The on-line approach performs all the control deci-
sions during the actual specialisation phase. The off-line approach on the other
hand performs a (binding-time) analysis phase prior to the actual specialisation
phase. This analysis starts from a description of which parts of the inputs will be
“static” (i.e. sufficiently known) and provides binding-time annotations which
encode the control decisions to be made by the specialiser, so that the specialiser
becomes much more simple and efficient.

Partial evaluation of functional programs [8,15] has mainly stressed off-line
approaches, while supercompilation of functional [32,31] and partial deduction
of logic programs [13, 3,1, 30,25, 20] have concentrated on on-line control.

On-line methods, usually obtain better specialisation, because no control
decisions have to be taken beforehand, i.e. at a point where the full specialisation

! Formally, an SLDNF-tree is obtained from an atom or goal by what is called an
unfolding rule.
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information is not yet available. The main reasons for using the off-line approach
are to make specialisation itself more efficient and, due to a simpler specialiser
algorithm, enable effective self-application (specialisation of the specialiser) [16].

Few authors discuss off-line specialisation in the context of logic programming
[27,17], mainly because so far no automated binding-time analysers have been
developed. This paper aims to remedy this problem.

3 Towards BTA for partial deduction

3.1 An on-line specialiser

The basic idea of BTA in functional programming is to model the flow of static
input: the arguments of a function call flow to the function body, the result
of a function flows back to the call expression. The expressions are annotated
reducible when enough of their parameters are static, i.e. will be known at
specialisation time, to allow the (partial) computation of the expression. Mod-
elling the dataflow gives a system of inequalities over variables in a domain
{static, dynamic} whose least solution yields the best annotation.

This approach does not immediately translate to logic programs. Problems
are that the dataflow in unification is bidirectional and that the degree of in-
stantiation of a variable can change over its lifetime (see also [17]).

We follow a different approach and reconstruct binding-time analysis from
first principles. We start with a Prolog program which performs the unfolding
decisions of an on-line specialiser. However, whereas real on-line specialisers base
their unfolding decisions on the history of the specialisation phase, ours bases
its decisions solely on the actual arguments of the call (which can be more
easily approximated off-line). This is in agreement with the off-line specialisers
for functional languages which base their decision to evaluate or residualise an
expression on the availability of the parameters of that expression. The next step
will be to analyse the behaviour of this program (the binding-time analysis) and
to use the results to make the unfolding decisions at compile time.

First we develop the on-line specialiser. Assuming that for each predicate
p/m a test predicate unfold_p/m exists which decides whether to unfold a call
or not, we obtain an on-line specialiser by replacing each call p(%) by

(unfold_p(t) — p(l); memoise_p(t))

A call to memoise_p(t) informs the specialiser that the call p(f) has to be
residualised. The specialiser has to check whether (a generalisation of) p() has
already been specialised —if not it has to initiate the specialisation of (a gen-
eralisation of) p(f)— and has to perform appropriate renaming of predicates to
ensure that residual code calls the proper specialised version of the predicate it
calls.

Ezample 1 (Funny append). Consider the following on-line specialiser for a vari-
ant, funnyapp/3 of the append/3 predicate in which the first two arguments of
the recursive call have been swapped:
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funnyapp({1,X,X).
funnyapp ([X101,V,[XIW]) :-
( unfold funnyapp(V,U,¥) -> funnyapp(V,U,W)
; memoise funnyapp(V,U,W) ).
unfold.funnyapp(X,Y,Z) :- ground(X).

Specialising this program for a query funnyapp([a,b],L,R) results in the spe-
cialised clause (the residual call is renamed as funnyapp_1)
funnyapp([a,b]l,L,[a|R1]) :- funnyapp 1(L,[b],R1).
Specialising the funnyapp program for the residual call funnyapp(L, [b],R1)
gives (after renaming) the clauses
funnyapp 1([], [b],[bl).
funnyapp-1([X|U], [b],[X,bIR]) :- funnyapp2(U,[],R).
Once more specialising, now for the residual call funnyapp(U, [1,R), gives
funnyapp2([1,[1,[1).
funnyapp 2([x|Ul,[1,[XIU]1).
This completes the specialisation. Note that the sequence of residual calls is ter-
minating in this example. In general, infinite sequences are possible. They can be
avoided by generalising some arguments of the residual calls before specialising.

In the above example, instead of using ground(X) as condition of unfolding,
one could also use the test nilterminated(X).This would allow to obtain the
same level of specialisation for a query funnyappend([X,Y],L,R). This test is
another example of a so called rigid or downward closed property: if it holds for
a certain term, it holds also for all its instances. Such properties are well suited
for analysis by means of abstract interpretation.

3.2 From on-line to off-line

Turning the on-line specialiser into an off-line one requires to determine the
unfold_p/n predicates during a preceding analysis and to decide on whether to
replace the (unfold_p(t) — p(t); memoise(p(t))) construct either by p(f) or by
memoise(p(t)). The decision has to be based on a safe estimate of the calls
unfold p(t) which will occur during the specialisation. Computing such safe ap-
proximations is exactly the purpose of abstract interpretation [9].

:~ {grnd(L1)} fap1(L1,L2,R) {grnd(L1)}.
fapi([] sxsx) .
fap1([x|U1,v,[XIW]) :~- {grnd(X,U)}
( unf fap1(V,U,W) {grad(X,U,V)} ->
{grnd(X,U, W} £ap2(V,U,¥W) {grad(X,U,V,W}
; {grnd(X,U)} memo £ap3(V,U,W) {grad(X,U)}
) {grnd(X,D}.
unf fap1(X,Y,Z) :- {grnd(Y)} ground(X) {grnd(X,¥)}.
memo_fap3(X,Y,Z).
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By adding to the code of Example 1 the fact memoise funnyapp(X,Y,Z)., and
an appropriate handling of the Prolog built-in ground/1, one can run a goal-
dependent polyvariant groundness analysis (using e.g. PLAI coupled with the
set-sharing domain) for a query where the first argument is ground and obtain the
above annotated program. The annotated code for the version fap2 is omitted
because it is irrelevant for us. Indeed, inspecting the annotations for unf_fap1
we see that the analysis cannot infer the groundness of its first argument. So we
decide off-line not to unfold, we cancel the test and the then branch and simplify
the code into:

:— {grnd(L1)} fap1(L1,L2,R) {grnd(L1)}.
fapl([] ,X,X).
fap1([X1U]1,V,[XIW]) :- {grnd(X,U)} memo_£ap3(V,U,W) {grad(X,U)}.

The residual call to funnyappend has a different call pattern than the original
call: its second argument is now ground. Thus we perform a second analysis and
obtain (the annotated code for fap4 is omitted):

1= {grnd(L2)} £fap3(L1,L2,R) {grnd(L2)}.
faps([] ’xsx) .
£ap3([X|01,V,[X|W]) :- {grnd(V)}

( unt_fap2(V,U,W) {grrd(V)} ->

{grnd(V)} £apa(V,U,W) {grnd(V)}
; {grnd(V)} memo £ap5(V,U,W) {grnd(V)}

) {grad(V)}.
unf_fap2(X,Y,Z) :- {grnd(X)} ground(X) {grnd(X)}.
memo_fap5(X,Y,Z) .

This time, the annotations for unf _fap2 show that the groundness test will
definitely succeed. So we decide off-line always to unfold and only keep the then
branch. Moreover, the fap4 call has the same call pattern as the original call to
funnyapp, so we also rename it as fap1. This yields the second code fragment:

i- {grnd(L2)} £ap3(L1,L2,R) {grrd(L2)}.
fap3([] ,X,X) .
£ap3([X|U1,V,[XIW]) :- {grnd(V)} fap1(V,U,W) {grnd(V)}

Applying the specialiser on these two code fragments for a query fap1([a,b],L,R)
gives the same specialised code as in Example 1. However, this time, no calls to
unfold funnyapp have to be evaluated during specialisation.

3.3 Automation

To weave the step by step analysis sketched above in a single analysis, a special
purpose tool has to be built. We implemented a system based on the abstract do-
main POS, also called PROP [24]. It describes the state of the program variables
by means of positive boolean formulas, i.e., formulas built from <, A and V. Its
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most popular use is for groundness analysis. In that case, the formula X expresses
that the program variable X is (definitely) bound to a ground term, X « Y
expresses that X is bound to a ground term iff Y is, so an eventual binding of X
to a ground term will be propagated to Y. This domain is extended with false
as bottom element and is ordered by boolean implication. Groundness analysis
corresponds to checking the rigidity? of program variables w.r.t. the termsize
norm® and abstracts a unification such as X = [Y|Z] by the boolean formula
X & Y A Z. However POS can also be used with other semi-linear norms [4].
In e.g. normalised programs, it only requires to redefine the abstraction of the
unifications. For example, with the listlength norm*, unification of X = [Y|Z] is
abstracted as X < Z, and a formula X means that the program variable X is
bound to a term with a bounded listlength, i.e. either the term is a nil-terminated
list, or has a main functor which is not a list constructor.

The analyser has to decide the outcome of the unfold p test and has to
decide which branch to take for further analysis while doing the analysis. Also
it has to launch the analysis of the generalisations of the memoised calls. The
generalisation we employ is to replace an argument which is not rigid under
the norm used in the analysis by the abstraction of a fresh variable. These
requirements exclude the direct use of the abstract compilation technique in the
way advocated by e.g. [5]. One problem of the scheme of [5] is that it handles
constructs (ground(X) — p(t); memoise(p(t))) too inaccurately. The boolean
formula is represented as a truth table, i.e. a set of tuples, and the analyser
processes the truth table a tuple at a time. Therefore it cannot infer in a program
point that X is true, i.e. that X is definitely ground, so it can never conclude
that the else branch cannot be taken. The other problem is that the analyses
launched for the memoised calls should not interfere (i.e. output should not flow
back) with the analysis of the clauses containing the memoised calls. Note that
defining memoise as memoise_p(X1,..., Xn) :i— copy(X1, Y1), ..., copy(Xn,Yn),
and abstracting copy(X,Y) as X < Y does not work: The abstract success state
of executing p(Y7y,...,Y,) will update the abstractions of X3,...,X,.

Our prototype binding-time analyser currently consists of ~ 800 lines of Pro-
log code and uses XSB [29] as a generic tool for semantic-based program anal-
ysis [6]. The boolean formulas from the POS domain are represented by their
truth tables. This representation enables abstract operations to have straight-
forward implementations based on the projection and equi-join operations of
the relational algebra. The disadvantage is that the size of truth tables quickly
increases with the number of variables in a clause. The use of dedicated data
structures like BDDs to represent the boolean formulas as in [33] often results
in better performance but at the expense of substantial programming efforts.

The main part of the analyser can be seen as a source-to-source transfor-
mation (i.e. abstract compilation) that given the program P to be analysed,

2 A term is rigid w.r.t. a norm if all its instances have the same size w.r.t. the norm.

3 The termsize norm [11] includes all subterms in the measure of the term.

* The listlength norm [11] includes only the tail of the list in the measure of the list
(and measures other terms as 0); nil-terminated lists are rigid under this norm.
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produces an abstract program P with suitable annotations. The abstract pro-
gram can be directly run under XSB (using tabling to ensure termination). The
execution leaves the results of the analysis in the XSB tables. Each predicate p/n
of P is abstracted to a predicate p*/2 whose arguments carry input and output
sets of tuples. The core part of setting up the analysis is then to define the code
for the abstract interpretation of each call (at a program point PPy of interest):

(unfold p(X) — p(X); memoise p(X)). (1)

is abstracted by the following code fragment:

project(Args,TPP;, ,TC),

( unfold_p(TC) —->

unfold(TC,PPy), p*(TC,TR)
; TR=TC, generalise(TC,TCG), memo(TCG,PPy), p*(TCG, ) ),

equi_join(Args ,TPP;, , TR, TPPoyut),
Predicates unfold/2 and memo/2 which abstract the behaviour of each call in
the form of (1) above are tabled predicates which have no effect on the compu-
tation, but only record information containing the results of the analysis. Their
arguments are the current abstraction and the current program point. This infor-
mation is then dumped from the XSB tables and is fed to the off-line specialiser.
The variable TPP;,, holds the truth table which represents the abstraction of the
program state in the point prior to the call. The call to project/3 projects the
truth table on the positions Args of the variables X participating in the call. The
result is TC (Tuples of the Call). The predicate unfold_p/1 (currently supplied
by the user for each predicate p/n to be analysed) inspects TC to decide whether
there is sufficient information to unfold the call. If it succeeds the then branch is
taken which analyses the effects of unfolding p/n. This is done by executing p®/2
with TC as abstraction of the call state. The analysis returns TR as abstraction of
the program state reached after unfolding p/n. If the call to unfold_p/1 fails, the
call is memoised, and the program state remains unchanged, so TR = TC. The
generalisation of the memoised call also needs to be analysed; therefore the else
branch first generalises the current state TC into TCG by erasing all dependencies
for non-rigid arguments® and then calls p*/2 with TCG as initial state, but takes
care not to use the returned abstract state as the bindings resulting from spe-
cialising memoised calls do not flow back. These actions effectively realise the
intended functionality of memoise_p/1. Finally, the new program state TR over
the variables X has to be propagated to the other program variables described
by the initial state TPP;,. This is achieved simply by taking the equi-join over
the Args of TPP;, and TR. The new program state is described by TPP ;.

One of our examples (see Section 4.2) uses two different norms in the unfold
tests: the term norm which tests for groundness, and the listlength norm which
tests for the boundedness of lists (whether lists are nil-terminated). This does
not pose a problem for our framework, we simply use a truth table which encodes
two boolean formulas, one for the term norm and one for the listlength norm.

5 A position is rigid if it has an “s” in each tuple e.g. generalise([p(s,s,s),

p(s,d,d)],TC8) yields T¢6 = [p(s,s,s), p(=s,s,d), p(s,d,s), p(s,d,d)].
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4 Some Experiments and Benchmarks

We first discuss the parser and 1iftsolve examples from [17].

4.1 The parser example

A small generic parser for languages defined by grammars of the form S ::= aS|X
(X is a placeholder for a terminal symbol as well as the first argument to nont/3;
arguments 2 and 3 represent the string to be parsed as a difference list):

nont (X,T,R) :- t(a,T,V),nont(X,V,R).

nont (X,T,R) :- t(X,T,R).

t(X,[X|Es],Es).
A termination analysis can easily determine that calls to t/3 always terminate
and that calls to nont/3 terminate if their second argument is ground. One can
therefore derive the following unfold predicates:

unfold t(X,$1,52).

unfold nont (X,T,R) :- ground(T).

Performing our analysis for the entry point :- {grnd(X)} nont(X,_,.) we obtain
the following annotated program (dynamic arguments [i.e. non-ground ones] and
non-reducible predicates [i.e. memoised ones| are underlined):

nont (X,T,R) :- t(a,T,V), nont(X,V,R).

nont (X,T,R) :- t(X,T,R).

t(X,[X|Es],Es).
Feeding this information into the off-line system LOGEN [17] and specialising
nont(c,T,R), we obtain:

nont-0([a|B],C) :- nont__0(B,C).

nont. 0([c|D],D).
Analysing the same specialiser for :- {grnd(T)} nont(_,T,.) yields:

nont (X,T,R) :- t(a,T,V), nont(X,V,R).

nont (X,T,R) :~ t(X,T,R).

t(X,[X|Es],Es).
Feeding this information into LOGEN and specialising ront (X, [a,a,c] ,R) yields:

nont_0(c,[]).

nont__0(a,[c]).

nont__0(a,[a,c]).

4.2 The liftsolve example

The following program is a meta-interpreter for the ground representation, in
which the goals are “lifted” to the non-ground representation for resolution.
To perform the lifting, an accumulating parameter is used to keep track of the
variables that have already been encountered and generated. The predicate mng
and 1.mng transform (a list of) ground terms (the first argument) into (a list
of) non-ground terms (the second argument; the third and fourth arguments
represent the incoming and outgoing accumulator respectively). The predicate
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solve uses these predicates to “lift” clauses of a program in ground representation
(its first argument) and then use them for resolution with a non-ground goal (its
second argument) to be solved.
solve(GrP,[]).
solve (GrP, [NgHINgT]) :-
non_ground member (term(clause, [NgH|NgBdy]) ,GrP),
solve(GrP,NgBdy), solve(GrP,NgT).
non_ground member (NgX, [GrH| GxrT]) :- make non_ground(GrH,NgX).
non_ground member (NgX, [ GrH|GrT]) :- non_groundmember (NgX,GrT).
make non_ground(G,NG) :- mng(G,NG,[], Sub).
mng (var(N),X,[1,[sub(N,X)]1).
mng (var (N) ,X, [sub(N,X)|T], [sub(N,X)|T]).
mng (vaxr (N) ,X, [sub(M,Y)|T], [sub(M,Y)|T1]1) :- N \== M, mng(var(N),X,T,T1).
mng (term(F,Args) ,term(F,IArgs) ,InS,0utS) :- lmng(Args,IArgs,InS,0utS).
Imng([1,[],Sub,Sudb).
lmng ([K|T], [IH|IT],InS,0uts) :-
mng (#,IH,InS,InS1), lmng(T,IT,InS1,0uts).
The following unfold predicates can be derived by a termination analysis:

unfold.lmng(Gs ,NGs ,InSub,OutSub) :- ground(Gs), bounded list (InSub).
unfold mng(G,NG,InSub,0utSub) :- ground(G), boundedlist(InSub).
unfold make non ground(G,NG) :- ground(G).

unfold non_ground member (NgX,L) :- ground(L).

unfold solve(GrP,Query) :- ground(GrP).

Analysing the specialiser for the entry point solve(ground,.) we obtain:

solve(GrP,[]).
solve(GrP,[NgH|NgT]) :-
non_ground_member(term(clause,[NgH|NgBdy]), GrP),
solve(GrP,NgBdy), solve(GrP,NgT).
non_ground_member(NgX,[GrH|_GrT]) :- make_non_ground(GrH,NgX).
non_ground_member(NgX,[_GrH|GrT]) :- non_ground_member(NgX,GrT).
ma,ke_non_ground(G,l_\T_T_):- mng(G,NG, [],Sub). -
mng(var(N),X,[],[sub(N,X)]).
mng(var(N),X, [sub(N,X)[T], [sub(N,X)|T]).
mng(var(N),X,[sub(M,Y)|T], [sub(M,Y)|T1]) :- N \== M, mng(var(N),X,T,T1).
mng(term(F,Args),term(F,IArgs), InS,0utS) :- lmng(Args,IArgs, InS,OutS).
mng([] SubSub) —

Imng([H|T),[TH{IT], InS,OutS) :- mng(H,IH,InS,InS1), Ilmngl(T,E, InS1,0utS) ]
Imng1([},[,Sub,Sub).
lmngl([HTT]x[IIﬂma -I_I}-SJM) - mngl(Hs.IE1M,lILS_1.): lmngl(Taﬂa lHS_]-’M)
mngl(var(N),X,[J,[sub(N,X)}).
mngl(var(N),X, [sub(N,X)|T],[sub(N,X)|T}).

mngl(var(N),X, [fub{M,Y)[T),[sub(M,Y){T1]) :- N \== M, mngl(var(N),X,T,T1).
mngl(term(F,Args),term(F,IArgs), InS,OutS) :- Imngl(Args,JArgs, InS,Out8).

One can observe that the call 1mng1(T,IT, InS1,0utS) has not been unfolded.
Indeed, the third argument InS1 is considered to be dynamic (non-ground) and
the call to unfold 1mng will thus not always succeed. However, based on the ter-
mination analysis, it is actually sufficient for termination if the third arguments




36

to mng and 1mng are bounded lists (as the listlength norm can be used in the ter-
mination proof). If we use our prototype to also keep track of bounded lists we
obtain the desired result: the call Imng1(T,IT,InS1,0utS) can be unfolded as the
first argument is ground and third argument can be inferred to be a bounded list.
By feeding the so obtained annotations into LOGEN [17] we obtain a specialiser
which removes (most of) the meta-interpretation overhead. E.g. specialising

solve([term(clause, [term(q, [var(1)]), term(p,[var(1)1)1),

term(clause, [term(p, [term(a,[1)]1)1)],6)

yields the following residual program:

solve_0([]1).

solve_0([term(q,[B])|C]) :- solve_0([term(p,[B])]),s0lve_0(C).

solve_O([term(p, [term(a,[1)])ID]) :- solve.0([]),solve_0(D).

4.3 Some Benchmarks

We now study the efficiency and quality of our approach on a set of benchmarks.
Except for the parser benchmark all benchmarks come from the DPPD bench-
mark library [19]. We ran our prototype analyser, BTA, that performs binding-
time analysis and fed the result into the off-line compiler generator LOGEN [17]
in order to derive a specialiser for the task at hand. The ECCE on-line partial
deduction system [19] has been used for comparison (settings are the same as
for ECCE-X in [20], i.e. a mixtus like unfolding, a global control based upon
characteristic trees but no use of conjunctive partial deduction). The interested
reader can consult [20] to see how ECCE compares with other systems.

All experiments were conducted on a Sun Ultra-1 running SunOS 5.5.1. ECCE
and LOGEN were run using Prolog by BIM 4.1.0. BTA was run on XSB 1.7.2.

[Benchmark  [[EccE - PD] BTA LOGEN PD [Ratio|
depth.lam 0.34s 0.05 + 0.579s 0.05s 0.003 5| 113
liftsolve.app 1.00s [0.079* + 1.841 s 0.05 s 0.006 s| 167
liftsolve.app4d| 12.32s " " 0.014 s| 880
match . kmp 0.18 s 0.06 + 0.031s 0.01s 0.006s| 30
parser 0.06 s 0.03 + 0.01s 0.02s 0.001s| 60
regexp.rl 0.17s |0.039 + 0.031s 0.06 s 0.006 s| 28

Table 1. Analysis and Specialisation Times

In Table 1 one can see a summary of the transformation times. The columns
under BTA contain: the time to abstract and compile the program + the time
for execution of the abstracted program (both under XSB). The column un-
der LOGEN contains the time to generate the specialiser with LOGEN using the
so obtained annotations. Observe, that for any given initial annotation, this
has only to be performed once: the so obtained specialiser can then be used
over and over again for different specialisation tasks. E.g. the same specialiser
was used for the 1iftsolve.app and liftsolve.app4 benchmark. The ‘*’ for
liftsolve.app indicates the time for the abstract compilation only producing
code for the groundness analysis. The extra arguments and instructions for the



37

bounded list analysis were added by hand (but will be generated automatically
in the next version of the prototype). The column under PD gives the time
for the off-line specialisation. The last column of the table contains the ratio of
running ECCE over running the specialisers generated by BTA 4+ LOGEN. As can
be seen, the specialisers produced by BTA + LOGEN run 28 — 880 times faster
than ECCE. We conjecture that for larger programs (e.g liftsolve with a very big
object program) this difference can get even bigger. Also, for 3 benchmarks the
combined time of running BTA + LOGEN and then the so obtained specialiser
was less than running ECCE, i.e. our off-line approach fares well even in “one-
shot” situations. Of course, to arrive at a fully automatic (terminating) system
one will still have to add the time for the termination analysis, needed to derive
the “unfold” predicates.

[Benchmark [[Original| ECCE [BTA + LOGEN]|
depth.lam 0.08 s (0.00 s 0.06 s
1 = 32 1.33
liftsolve.app || 0.13s (0.0l s 0.01s
1 13 13
liftsolve.app4| 0.17s {0.00s 0.02s
1 > 34 8.5
match . kmp 0.58 s (0.34 s 0.51s
1 1.711 1.14
parser 0.20s (0.12s 0.12 s
1 1.74 1.74
regexp.ril 0.29s (0.10s 0.20s
1 2.9 1.5

Table 2. Absolute Runtimes and Speedups

Table 2 compares the efficiency of the specialised programs (for the run time
queries see [19]; for the parser example we ran nont(c,[a'", ¢, 3], [b]) 100 times).
As was to be expected, the programs generated by the on-line specialiser ECCE
outperform those generated by our off-line system. E.g. for the match.kmp bench-
mark ECCE is able to derive a Knuth-Morris-Pratt style searcher, while off-line
systems (so far) are unable to achieve such a feat. However, one can see that the
specialised programs generated by BTA + LOGEN are still very satisfactory. The
most satisfactory application is 1iftsolve.app (as well as liftsolve.app4),
where the specialiser generated by BTA + LOGEN runs 167 (resp. 880) times
faster than ECCE while producing residual code of equal (resp. almost equal)
efficiency. In fact, the specialiser compiled the append object program from the
ground representation into the non-ground one in just 0.006 s (to be compared
with e.g. the compilers generated by SAGE [14] which run in the order of min-
utes). Furthermore, the time to produce the residual program and then running
it is less than the time needed to run the original program for the given set of
runtime queries. This nicely illustrates the potential of our approach for appli-
cations such as runtime code generation, where the specialisation time is (also)
of prime importance.
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5 Discussion

We have formulated a binding-time analysis for logic programs, and have re-
ported on a prototype implementation and on an evaluation of its effectiveness.
To develop the binding-time analysis, we have followed an original approach:
Given a program P to be analysed we transform it into an on-line specialiser
program P’, in which the unfolding decision are explicitly coded as calls to
predicates unfold_p. The on-line specialiser is different from usual ones in the
sense that it — like off-line specialisers — uses the availability of arguments
to decide on the unfolding of calls. Next, we apply abstract interpretation —a
binding-time analysis— to gather information about the run-time behaviour of
P’. The information in the program points related to unfold_p allows to decide
whether the test will definitely succeed —in which case the unfolding branch is
retained— or will possibly fail —in which case the branch yielding residual code
is retained. The resulting program now behaves as an off-line specialiser as all
unfolding decisions have been taken at analysis time.

An issue to be discussed in more detail is the termination of the speciali-
sation. First, a specialiser has a global control component. It must ensure that
only a finite number of atoms are specialised. In our prototype, we generalise the
residual calls before generating a specialised version: arguments which are not
rigid® w.r.t. the norm used in the unfolding condition are replaced by fresh vari-
ables. This works well in practice but is not a sufficient condition for termination.
In principle one could define the memoise_p predicates as:

memoise.p(X) :- copyterm(X,Y), generalise(Y,Z), p(Z).
and then generalise such that quasi-termination [21] of the program, where calls
to p are tabulated, can be proven. In practice, the built-in copy_term/2 and
the built-ins needed to implement generalise/2 will make this a non-trivial
task. Secondly, there is the local control component. It must ensure that the
unfolding of a particular atom terminates. This is decided by the code of the
transformed program. Defining the unfold. p predicates by hand is error-prone
and consequently not entirely reliable. In principle, one could replace the calls
memoisep by true and apply off-the-shelf tools for proving termination of logic
programs [22,7]. Whether these will do well depends on how well they handle
the if — then — else construct used in deciding on the unfolding and the built-
ins used in the rigidity test (e.g. the analysis has to infer that X is bounded and
rigid w.r.t. the norm in the program point following a test ground(X)). It is
likely that small extensions to these tools will suffice to apply them successfully
in proving termination of the unfolding”, at least when the unfolding conditions
are based on rigidity tests with respect to the norms used by those termination
analysis tools.

A more interesting approach for the local control problem is to automatically
generate unfolding conditions by program analysis. Actually, one could apply a

® Le., “static” from functional programming becomes “rigid w.r.t. a given norm.”
" After a small extension by its author, the system of [22] could handle small examples.
However, so far we have not done exhaustive testing.
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more general scheme for handling the unfolding than the one used so far. Having
for each predicate p/n the original clauses with head p/n and transformed clauses
with head pt/n, the transformed clauses could be derived from the original by
replacing each call g/m by:

( terminatesq(?) -> q(%)
; ( unfold q(?) -> qt(f) ; memoiseq(f) ) )

In [10], Decorte and De Schreye describe how the constraint-based termination
analysis of [11] can be adapted to generate a finite set of “most general” ter-
mination conditions (e.g. for append/3 they would generate rigidity w.r.t. the
listlength norm of the first argument and rigidity w.r.t. the listlength norm
of the third argument as the two most general termination conditions; for our
funnyapp/3 they would generate rigidity of the first and second argument w.r.t.
the listlength norm as the most general termination condition.). These condi-
tions can be used to define the terminates_q predicates. If they succeed, the
call q(%) can be executed with the original code and is guaranteed to terminate.
Moreover, as they are based on rigidity, they are very well suited to be approx-
imated by our binding-time analysis. Actually, in all our benchmarks programs,
we were using termination conditions for controlling the unfolding, so in fact
we could have further improved the speed of the specialiser by not checking the
condition on each iteration but using the above scheme.

Generating unfold.q definitions is a harder problem. It is related to the
generation of “safe” (i.e. termination ensuring) delay declarations in languages
such as MU-Prolog and Gdodel. This is a subtle problem as discussed in [28,
23]. For example, the condition (nonvar(X); nonvar(Z)) is not safe for a call
append(X,Y,Z); execution, and in our case unfolding, could go on infinitely for
some non-linear calls (e.g. append([alL],Y,L)). Also the condition nonvar/1
is not rigid. (For funnyapp/3 we had rigid conditions, however this is rather
the exception than the rule.) A safe unfolding condition for append(X,Y,Z) is
linear(append(X,Y,Z)), (nonvar(X); nonvar(Z)). Linearity is well suited
for analysis (e.g. [2]), but a test nonvar(X) is not. Moreover, unless X is ground,
the test is typically not invariant over the different iterations of a recursive
predicate. A solution could be to switch to a hybrid specialiser: deciding the
linearity test at analysis-time and the simple nonvar tests at run-time. But as
said above, perhaps due to lack of a good application (for languages with delay,
speed is more important than safety), there seems to be no work on generating
such conditions.

Another hybrid approach is taken in a recent work independent of ours [26].
This work also starts from the termination condition. When it is violated, the size
of the term w.r.t. the norm used in the termination condition and the maximal
reduction of the size in a single iteration is used to compute the number of
unfolding steps. The program is transformed and calls to be unfolded are given
an extra argument initialised with the allowed number of unfolding steps. An
on-line test checks the value of the counter and the call is residualised when the
counter reaches zero.
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Abstract. We present the core-£, fragment of L. and its program logic. We
illustrate the adequacy of L. as a meta-language for jointly defining opera-
tional semantics and program logics of languages with concurrent and logic
features, considering the case of a specification logic for concurrent objects ad-
dressing mobile features like creation of objects and channels in a simple way.
Specifications are executable by a translation that assigns to every specifica-
tion a model in the form of a core-£ program. We also illustrate the usefulness
of this framework in reasoning about systems and their components.

1 Introduction

The “proof-search as computation” paradigm has inspired the design of several
programming and specification languages [6]. In [1] we presented L., a simple
language that supports the reduction and state-oriented style of specification of
mobile process calculi without compromising the relational style of specification
typical of logic programming. In particular, we have shown that both the =-
calculus [10] and a version of the logic of hereditary Harrop formulas [7] can be
adequately encoded into £,. On the other hand, £, can itself be encoded in
classical linear logic, in such a way that successful computations correspond to
proofs [3]. As illustrated in [2], £, suits itself well as a dpecification language of
the operational semantics of programming languages with concurrent and logic
features; we also proposed £, as a meta-language for the compositional definition
of operational semantics and program verification logics of languages of such a
kind. Herein, we pursue this general directions, picking the case of declarative
object-oriented specification of concurrent systems.

MOTIVATION. Several embeddings of object-oriented constructs into variants of
m-calculus have been presented in the literature [12, 16, 14]. However [11], the
m-calculus, while supporting the basic features of concurrency, mobility, abstrac-
tion and creation of processes and names, is a low level calculus, so the question
arises about what kind of idioms are more suitable to model and reason about
object systems and their components. In this setting, most of the current ap-
proaches focus on operational semantics or types, and the object languages have
a definite operational character. In this paper, we develop a contribution in this
general theme, stressing the instrumental use of the £, framework in the spirit
stated above. More specifically, we consider the case of a declarative specification
language and program logic for concurrent objects that provides a unified sce-
nario for specifying and reasoning about systems. This is achieved in the context
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of a well-defined operational semantics that renders specifications executable and
makes essential use of the reductive and deductive features of £,.

OVERVIEW. First, we define core-L,, a small yet expressive fragment of £,
and its program logic uL,. The logic uL, is based on a many-sorted first-order
version of the p-calculus enriched with connectives enabling the implicit expres-
sion of component location and a hiding quantifier. For instance, a property
¢ ® 1 holds of a system with two components that satisfy respectively ¢ and
1, and X ¢ holds of a system that satisfies ¢ in a context where a name n is
private. Then, we present a specification logic for concurrent objects that ac-
tually reduces to an idiom of uL,. From the viewpoint of logical specification,
our proposal extends existing ones (for instance, [15]) by addressing mobile fea-
tures like dynamically changing number of components and creation of private
channels in an intrinsic way, while supporting both local and global reasoning
by relying on the monoidal structure induced by ®. Moreover, specifications are
executable by means of a syntax-directed encoding that assigns to each speci-
fication a model in the form of a core-£, program. This translation relies on a
combination of techniques from process calculi and proof-theoretic approaches
to logic programming. We also illustrate the usefulness of this framework in
reasoning about systems and their components by giving some examples.

OBJECT MODEL. We consider a standard asynchronous model of concurrent
objects as closed entities that exhibit computational behaviour by performing
mutually exclusive actions over a private state. Actions are triggered by serving
request messages from the environment, but are only allowed to ocurr under
certain enabling conditions. Actions can change the object’s internal state, cause
the sending of action requests to other objects or even the creation of new objects
or channels, and display internal non-determinism. Thus, any specification of the
behaviour of an object must define conditions under which actions can occur,
and also what are their effects.

SPECIFICATION LANGUAGE. Since [13], many authors adopted subsets of some
temporal logic (TL) as a specification language for concurrent systems. But un-
restricted use of TL often leads to unimplementable specifications, and typical
approaches pick some restricted class of formulas as dynamic axioms. For in-
stance in [4], one finds safety formulas like ¢ A A* = X¢) and liveness formulas
like ¢ = FA* - where A* denotes the occurrence of action A4, and X and F are re-
spectively the nezt and eventually operators of (linear) TL. Concerning liveness
properties, in our asynchronous model we will not be able to assert such a strong
assertion, but just something like the weaker ¢ = XmA* where mA™* asserts the
existence of a pending request for action A. Then, whether mA* implies FA*
depends on fairness assumptions and on the actual enabling conditions of action
A. In summary, we adopt the (branching time) logic inherited from p£, and
consider specifications of object classes that enumerate instance attributes, and
include dynamic axioms of the form ¢ = {[A]) ¥ and static axioms defining the
meaning of non-logical symbols.

STRUCTURE OF THE PAPER. In Sections 2-3 we introduce core-L, and its pro-
gram logic. In Section 4, we introduce the object specification language and
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present its interpretation in £, in Section 5. After discussing some properties of
this interpretation in Section 6, we present in Section 7 an example of reasoning
about a system.

2 The core-L, Language

Here we introduce core-L,, a small yet expressive fragment of £, [1, 2].
SYNTAX. Given a set V of variables, the set 7(V) of untyped terms over V is
defined inductively as follows: variables are terms, if z is & variable and ¢1,--- , ¢,
are terms then z(t1,---,t,) is also a term t (s.t. head(t) = z). In general, we
will use z,y, 2,1, for variables, a,b,¢,t,u,v for terms,  for a list of distinct
variables and t for a sequence (t1,--- ,t,) or a multiset {Jt1,... ,t,[} of terms,
depending on context. Sometimes, we will write z.t for z(t) and call names to
variables. Untyped agents of core-£, are defined by

Pu=0|a| PP | vaP | Zva[PIP | &va[P]P

Inaction O denotes the well-terminated process. An atom a can be seen either
as an elementary message to be sent asynchronously or as a data element in the
shared state. p|g stands for the parallel composition of p and ¢; we sometimes
write 7 for my | - - - |my when the m are atoms. Restriction vz induces generation
of private names; vzp binds z in p. To explain the behaviour of the input prefix
Z > a[g]p we start by considering the particular case where the test g is 0, which
we abbreviate by Z > a[]p. The agent Z > &[]p waits for a message b (a multiset of
terms) and then behaves like o(p), if there is a substitution o with domain & such
that o(@) = b. In general, in addition to receiving the message, Z > a[g]p must
also perform successfully the test o(g). Roughly, a test g succeeds if there is an
atomically encapsulated computation sequence starting with ¢ and reaching a
success state (defined below). The replicable agent !Za[g]p behaves just like it’s
non-replicable version, except that it does not consume itself upon reduction. In
input prefix agents, the input variables # must have free occurrences in either a
or g, although not in the head of some a. Note however that in non-replicable
input prefix, @ may be empty, this corresponds to the testing agent of [1]. In
both forms, £ may be empty, in which case the prefix > may be ommited. For
agents, we will use normally p, q,7, g.

TyPING. Here we introduce a simple type system for core-L,. Assume given a
set {2 of primitive sorts, containing at least o, and a set A of primitive basic
types containing say nat, bool. Basic types ¢ and types 7 are given by

§u=A| (61, ,0)8 Tu=0|6|(m, - ,TK)T

A type that is not basic is called a sort. The definition of types and sorts is
stratified in such a way that no term of basic type § can contain a subterm of
some sort. The motivation for this stratification is to limit scope extrusion to
terms of sort kind. Signatures are partial maps from variables to types. We use
X, 2, T for signatures, and assume that z ¢ ¥ when writing X, z:7. Terms and
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Zrh:i(r, - ,m)B XhHti:w
Tk h(t,---,t): B

YEh(ty, - ,t):0 Ykp XYhg
Xr0
S Eht, -, tk) Xt plg
Yz:Ttkop Y, &:7kg XY2:TFp XY,Z:Tla;:o0
Yrvz:Tp Yrz:Frealglp | THE:Fralglp

Fig. 1. Typing of terms and agents.

agents are typed by the rules in Figure 1. We will refer by 7, (%) the set of terms
t such that X F ¢ : 7 is valid. Note that binding occurrences of variables in vz
and Zv are now explicitly assigned a type. In the rule for restriction, 7 must be
a sort and, in the rules for input prefix agents, any variable x not occurring free
in @ must be assigned a basic type. If X' | p is valid, we will say that X;pis a
well-typed agent, bringing explicit the typing context. For well-typed agents we
will use P, @, R, and write P for the set of all well-typed agents.

REDUCTION. The operational semantics of £, is defined by a relation of reduc-
tion between agents. Following [8], we first define a structural congruence relation
= that abstracts away from irrelevant notational distinctions. = is the smallest
congruence relation over agents containing a-conversion and closed under equa-
tions (i) plg = q|p, (ii) (pla)|r = q|(p|r), (iii) p|0 = p, (iv) vz(plq) = vap|qif z is
not free in g, (v) vz0 22 0, (vi) Ir Z!r|!r and (vii) Ir|Z > élq]r =!r|Z > aq|!r]r if Z
are not free in p and !r stands for some replicable input prefix agent. Reduction
is the least relation P — @ between well-typed agents P and @ such that

Yive:Tmp— Xiyvx:7gq fXz:mp—o Xz:715¢
Z;&v [glplg = Zio(p)lg if Zi0(9) > v/

Z;m| & : 7o alglplg = Z;0(p)lg e s
Zym|'E : 7o dlglplg — X0 (p)|'E : 7 @[g]plg if Z30(g) = VA =0(a)

Here o assignsto each z : 7 aterm ¢ € 7(X) and 4/ (a success state) is any agent
of the form 5 v§ : 7('p), where !p is a composition of a (possibly null) number of
replicating agents. As usual, we will refer by % the transitive-reflexive closure
of —. Subject reduction holds: if P € P and P — @ then also Q € P.
LABELLED TRANSITION SYSTEM. To capture the compositional behaviour of
agents, an “open” version of the reduction relation must be defined that cap-
tures not only the behaviour of agents in isolation but also the behaviour they
can exhibit with adequate cooperation of the environment. As usual, this is for-
malised by means of an action-labelled transition system (LTS), where actions
may be output (1 a), input (| a) or silent (). Several possibilities arise at
this point, we must require at least soundness, that is, agreement of 7, with
reduction. Additionally, we can also impose a notion of relevance for P, more
precisely, that whenever P 3§ Q there is P’ € P such that P' 1¢ Q', P|P' € P
and P|P' _; Q|Q', and likewise when P 1§ Q.
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3 a3 X; 0 if head(a) &Def Xia v Tgblle 2 p(p) if p(b) = a A head(a) € Def
- % *
Zip ™ 5 2,§:%'alolg) = v

i(ﬂ:’rlg)(é)!q

X;%: 7oalglp Z,9:%0(p)

Ya:mip3 X z:Tiq Z‘,:c:'r;pﬂlﬁﬂ';q

ifrda . ifz € aAz & head(a)
Sivz:iTp = Xz Tq . E;uz:rpﬂai'-;)a g
Z;pT(i—:i)a X, z:7p0 Xq v iﬁ—)f'@ic Y. z:7;¢
Zplg 5 2, 5vé : 7(p'lg)
5] Zip S 2y spB8 iy 54850,
Ziplg > Z5p'lg ;plq T® 5 0;p¢

Fig. 2. LTS specification for core-L,

AcTIONS. X-actions are objects of the forms 1(Z : 7)alp (output action) or
W& : 7)a'p (input action) where & : 7 is a possibly empty signature, each a; is an
atom and each !p a replication such that X, : 7+ a1|- - - |an|'p1| - - - |'Pm is valid.
To grasp the meaning of the binding signature, just consider it a generalisation
of m-calculus bound input and bound output actions, in our notation, z(y) would
be rendered by 1(y)z(y) and z(y) by J(y)z(y). When all components Z, & and
'p of an action are void, both 1 and | will be noted 7 (the silent action). To
highlight the typing context we may write X; a for X-actions a. The set of all
actions will be noted Act, and individual actions by a,b,c. We will also define
head((z : 7)a'h.p) as the set of heads of all @ and all h. Actions a and b of the
same polarity compose into another action a ® b; composition of (Z : 7)a!p with
(§ : 7)é'q is defined as (Z : 7,7 : 7)aé'pq. Intuitively, a ® b is the concurrent
execution of a and b; ® is commutative, associative and has 7 for unit.

LTS SPECIFICATION. In Figure 2, we present a LTS specification for core-L;.
Most rules have the form one expects. Substitution o assigns each z : 7 a term
in 7,(X,4 : ), and p a term in 7;(X). When we are interested in computations
starting from agents I';p with I" a given global signature, we let Def C I' and
define two transitions for an agent X;a, to distinguish the case where a is to
be substituted in place by it’s definition (when head(a) € Def), from the case
where a is to be sent to the environment. This specification defines a sound and
relevant transition relation — for all of P, and should be taken as the reference
transition relation. Note however that when developing applications of core-L,
(for instance, when studying certain restricted idioms as in this paper) we might
be interested just in some subset of P. Since - might not be relevant for that
subset, additional provisos may be placed occasionally in some of the rules above,
in order to obtain relevance for the fragment under consideration.
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Zip L, P if {elg(P)
2;[) |=I,'v t=t
Zip E1e ~@ if not ¥;p 1y @

ZipELy e Y if £ipF1y¢and Zip 1, ¥
ipkEre V1o if Xip k. o{%/t} forallt € T.(X)
ZipEre (S)e if 3(Z;a) € S3(X';9) € P(Z;p = Z'5q and X5 q =10 )
ZipkFLe X if Zipev(X)
Zip Ly pXp if VS C P(clos(S) = X;p € S) where
clos(S) is V(I';q) € P(T'; 9 Froxes) ¢ = (39) € 5)
Zip 1o [a] if p=aly
Zive:tplry Sep f SiziTipFLy
ZipELy @Y if p=gq|rand ¥;q 1,0 ¢ and X7 1,0 ¢
2;0 |:I,U 1

Fig. 3. Satisfaction of uL, formulas.

3 A program logic for core-L,

The program logic uL, is basically a many sorted first-order version of the
propositional p-calculus (see [5]) extended with operators for handling private
names and spatial distribution. Formulas of uL, are

pu=P@)|t=u|-p|prp Voo | (S)o | X |pX.p| Zerp | @ |[t] |1

The formulas expressing conjunction (i A ), properties P(), equality (¢ = u),
possibility ((S) ¢), universal quantification (Vz : 7¢), negation (—y) and least
fixed point (uX.p) are to be understood in the usual way. In a fixed point
formula uX.p, any occurrence of X must be under an even number of negations
and under no ®. The remaining forms are particular to u£, and deserve further
comments. X, asserts a property of a state embedded into a context where the
name z is private. The formula ¢ ®1) holds in every state that can be partitioned
into a component satisfying ¢ and a component satisfying ¢. 1 is the unit for
®. Finally, [¢] is true of those states that essentially contain just the message ¢.
Formulas are expected to be well-typed w.r.t. a signature X; for ul, formulas
p, we assume a corresponding judgement form X - ¢ defined as expected. If
such a judgement is valid, ¢ will be called a X-formula.

SEMANTICS. Truth of formulas of uL, is taken with respect to a structure that
consists in a labelled transition system for core-L,' together with a map I as-
signing to each signature X' an interpretation Iy. Such interpretations assign to
each predicate symbol of type (71,...,m)o a subset of 7., (X) x --- x T, (X).
I is required to be monotonic, that is ¥ C X’ implies that, for every predicate

! In general, the reference LTS; sometimes a suitable restriction may be required, cf.
previous remarks on relevance.



48

symbol P, Is(P) C Iz (P). In Figure 3 we present the relation — |1, — of
satisfaction between X-terms and well-typed Y'-formulas of L. The definition
is parametric on the interpretation map I and also on a valuation v. This valua-
tion assigns sets of well-typed terms to propositional variables X, and is needed
to interpret the fixed point operator. When interpreting formulas without free
propositional variables, the valuation is irrelevant and could be omitted.

Some specific comments about this definition are in order. First, core-L,
terms are taken modulo structural congruence 2. In the clause for (S) ¢, S is
a set of £, actions. To follow usual notations we will write {-) ¢ for (S) ¢ when
S is the set of all actions. In the clause of uX.p, the property clos(S) holds of
prefixed points of the mapping that sends sets of terms satisfying a property ¥
to the set of terms satisfying the property ¢{*/v}. The syntactic restriction on
the occurrences of X in uX.p causes this mapping to be monotonic, therefore
the clause for uX.p defines the least fixed point as the intersection of all prefixed
points, cf. Knaster-Tarsky theorem. Other logical connectives (say, V, 3, =) are
defined in the usual way according to standard tarskian semantics. The following
usual abbreviations will also be used: [S]y for —(S) ¢ (necessity), vX.¢ for
—uX.—p{X/-x} (greatest fixed point), L for uX.X (false) and T for —.L (true).
We will also write {¢} for ;¢ when no z occurs free in ¢, and introduce the
following derived operators: ([S]) ¢ standing for (S) T A [S]p, inv|s)¢ standing
for vX.oA[S]X (¢ holds along any S-path) and evs)¢ standing for uX.pV(S) X
(¢ will eventually hold along some S-path) and evsg)y for pX.pV ({(S) TA[S]X)
(¢ will eventually hold along any S-path); inv(,j¢ will be abbreviated by invy
and likewise for evy and evs.

The use of an explicit signature is essential in the definition of satisfaction.
For instance, note that £, T = V, X, (-2 = y) is true in any interpretation. This
formula asserts intuitively that if a state has some private name, then this name
is distinct from every term in the current environment. The scoping behaviour
of private names induces the need to consider the brackets {¢} even when the
private names do not ocurr in ¢. For instance, a : o;vb : 0 bl]a = {(-) {(ta) T} but
a:ojvb:oblja e () (ta) T.

4 A specification language for concurrent objects

The specification language we present here is an idiom of the program logic of
Section 3. Essentially, we consider specifications of classes of objects that indicate
besides the instance state variables, for each possible action A a set of dynamic
axioms of the form ¢ = ([A]) 1, where ¢ (the pre-state formula) is a proposition
over the object’s state and v (the pos-state formula) is a proposition defining
the new state of the object and other side effects induced by the execution of
A. Possible side effects are the posting of action requests i.m (for other objects)
and of creation requests vi : ¢(a) (for a new object ¢ of class c¢(@)). Besides
this components, a specification also comprises a post-state formula defining the
initial state of objects of the class and a static theory (called so because it does
not involve any dynamic modalities) defining the meaning of the non-logical
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constants (predicate symbols) occurring elsewhere in the specification. At this
stage, the reader may want to give a look at the sample specification in Fig. 4.

We assume given a set of basic types and a set of basic sorts (containing, at
least o and act). The type (act)o will be abbreviated by obj. A system specification
is triple (X,C,S) where X' is a signature, the set of class names C is a subset
of ¥, and S is a mapping assigning to each ¢ € C a class specification S, of
type X(c) = 7¢. A parametric X-class specification of type (11,...,7,)o is then
a five-tuple (A4, £,Z,R,T) such that (1} A and £ and X' are pairwise disjoint
signatures, (2) A is of the form a3 : 71,... ,an : 7, (3) Z is a post-state formula,
R is a finite set of dynamic axioms and 7 is a finite sets of static axioms.
Post-state formulas and dynamic and static axioms will be defined shortly.
PARAMETERS. Signature A lists the parameters of the class specification. If A is
empty, the specification is non-parametric and therefore fully determined. Given
a Y-class specification (A, £,Z,R, T) of type (71, ... ,Tn)o and terms ¢; € T, (%)
we obtain some non-parametric concrete instance (8, Z{%/t}, R{%/}, T{¥/i}).
LocaAL syMBoLS. Signature £ splits in two components: L,¢trs, containing the
declarations of the class instance’s attributes and Lpreqs, which assigns to each
predicate symbol defined by the local static theory 7 a predicate type (¥)o.
DYNAMIC THEORY. Dynamic axioms have the form VZ : 7(SAp = ([A]) ¢) where
the action A is a term of type act, S is a state formula, ¢ is a static formula, ¢
is a post-state formula and  are some variables with free occurrences at least in
S, ¢ or A - those that occur just in ¢ and 1 should have basic type. A formula
of the form S A ¢ will be called a pre-state formula. These kinds of formulas are
defined by

(state formulas) Su=T|la=t|SAS
(static formulas) eu=PH) | T|eAp|lpVe
(post-state formulas) ¢ ::= S | vi: c(D)Y | im Y

where a € Lattrs, P € Lpreds and ¢ € C . In the definition of post-state formulas,
i is assumed of type obj and m is assumed of type act.

INITIAL. Z is a post-state formula specifying the object’s state at birth time.
StaTiC THEORY. T is a set of static axioms of the form VZ : 7(¢ = P(f)) where
p is a static formula.

CoMMENTS. All formulas in the class specification are well-typed w.r.t. the sig-
nature Y AL, self:obj, except that self cannot occur in 7. To avoid useless incon-
sistencies, no more than a single occurrence of a particular attribute symbol is
allowed in pre- and post-state formulas, and the state formulas in the antecedent
of dynamic axiom should be pairwise exclusive.

SEMANTICS. Semantics of class specifications is given by translation into a uL,
formulas. To perform this, we must understand formulas in a specification as
asserting properties of a prototypical object of the given class and bring this
arbitrary object explicit. More precisely, if ¢ is a variable of type objand ¢ a
formula in a class specification, the formula . asserts the property ¢ relativized
to the object . This relativization is essential also to enable global reasoning
about systems composed of multiple interacting objects. Now, . is obtained
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from ¢ as follows: replace self by i, rename predicate symbols P as c.P 2 is the
class name, replace actions A in dynamic axioms by | i(A) and replace equations
a = t by i.a = t. Moreover, understand vi : c(t)y as Zi:obj([c(i’i)] ® ¢) and
jm as [j(m)]. Every expression of the form i.a = ¢ must also be translated
to some formula of uL,. This translation depends on the actual representation
of objects as agents of core-L,. Several possibilities arise in this point, we just
require invariant validity of the following principles

P1Vt:71(ia=1t=[](3y: mi.a =1y)) (Persistence of Attributes)
P2Vt :mw:ny(i.a=tAdta=v=>v=1t) (Attribute values are functional)
P3-(3z:7(i.a=2)®3z: 7(i.a = 2) ® T) (Unicity)

SPECIFICATION FORMULAS AND MODELS. Let X'° be obtained from X' by chang-
ing the types assigned to class names in C from (7)o to (obj, ¥)o and L° be ob-
tained from £ by renaming each predicate symbol in Ly,.4s from P to c.P. Then,
every J-class specification C = (A, £,Z, R, T) yields the X°ALS . -formula

preds

C*a)=3( AN da=uv)A( N iD)A( N cPy)

a1€Lattrs D;eR PeT

This formula expresses the full content of the specification and can be used to
define a notion of model for a system specification.

Definition 1 A model for a system specification ¥ = (X,C,S8) is an interpre-
tation map I and an assignment of a X°-agent !d. to each ¢ € C such that

forallce C P, 1 (Md.) (1. Z AN inv{S;(i,9) ® T})

where P, = 2°£§r‘;ds,i : obj; c(i,D) for some ¥, and satisfaction is taken w.r.t.

some sound restriction of the reference LTS relevant to {Q|P. 2 Q for c € C}.

5 From Specifications to Agents

In this section, we show how models for class specifications can be systematically
constructed in a rather simple way. Basically, an object “located at” name ¢ will
be represented by an agent of the form vs : o(s(i, ¥) |vcp(R(R)} | T{c.T))) where
R(R)i and T(c.T") are encodings of respectively the dynamic and static theory,
and s(z,9) is a “record” of the attribute values. We first introduce a canonic form
for dynamic axioms in which all of the object’s attributes occur both in pre- and
post -state formulas. The motivation is that this simplifies the description of the
translation and renders explicit the intended frame condition.

CANONIC ForM. Let Vz(S1A¢ = ([a]) ¥(s,)) be a dynamic axiom where S; is the
maximal state formula embedded into the post-state formula 1. Then, its canonic
form is V&g (S1 A S A v = ([a]) ¥(s,nsy)) where ST isar =y A--- Aap =y

2 When ¢ is a static axiom, we also write c.p for i.p



51

for those attributes a; not occurring in Sy and S} is by = vi A--- Ab; = v; where

b; = v; is the (unique) equation in S A S for an attribute b; not occurring in Ss.
From now on, we fix a X-class specification S = (A4, £,Z, R, T) associated to

c:(m,...,7e)oin some system specification (X, C, S), and consider its associated

specification formula S*(4,a,) for some 7 of type obj. W.l.o.g. we will take the

canonic form of every axiom in R.

STATIC FORMULAS AND AXIOMS. Are encoded by the mapping T(—)

T(T) =0

T(p1 A @2) > [T{1)]T{¢2)

T{p1 V ¢2) = [vn 2 o(n[!n[T{¢1)]0|!n[T{p2)])]0
T(P(%)) ~ c.P(t)

T(VZ: 7(p = c.P(1))) = 17 : 7 P(8)[T{y)]0

This translation assigns to the theory 7 a well-typed core-L, I'-term T{c.T)
defined as T{c.dy) |---|T{c.dn) where dy, are the formulas in 7. We have

Proposition 1 Let E be a signature, T be a static theory and i.@ a goal formula
over 5. Then 5;T & ¢ is provable in classical logic iff Z; T(T) |T{i.¢) = /.

STATE AND POST-STATE FORMULAS. We consider now the encoding of post-state
formulas; state formulas are but a special case of these. We first sequentialise in
an arbitrary way a, as,... , an the attribute names defined in L,4:rs and define
the type o5 as (obj,0,L(a1), -, L(am))o. Let P(—)7 be the translation map

P(a1=t1/\--;/\am=tm)i»—>s(i,t1,...,tm) '
P(vi : COW): o> 1,085 (CULDIP(E))
P(j.a ® ¥}, = j(a)|P(¥);

P(—)} is parametric on two variables ¢ and s, respectively of type obj and o¢. This
encoding represents the state of an object as a term s(z,7), where 4 is the object
name and ¥ are the current values of it’s attributes. We now can interpret in pC,
attribute valuation formulas i.ay =t (where a;, is the k-th attribute in sequence
defined above ) by the formula 3% : 7X,[s(4,21,... ,Tky st Tht2s - ooy Ton—1)]
where the 7 are the appropriate types and t occurs in the k-th argument position
of s. We will see shortly that this interpretation fully satisfies principles P1-3.

Proposition 2 Let ¢ be a post-state formula in a class specification and =
i.p. Then Z;vs: os(P(¥), |v/) 1 i.¢ is valid for every L.

DyNAMIC AXIOMS. Of the form ¢ = VZ : 7(S A = ([a]) ¢) are translated by
the map R(-); given by R{(¢). =!Z : 7> P(S)} : i(a)[T(i.0)]P(¥),
CLASSES AND SYSTEMS. A Y-class specification & is encoded into the X° agent

C(S) =Y : obj, a, : T¢ > c(i, a)[JObs (5, ar)

where Obg(i,a) = vs : as(P(I)Z lvep : Lpreds(R(’R,)i |T(c.T))) is the represen-
tation of an object ¢ of class C in a state satisfying Z. In general, an agent of
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the form vs : 05(s(i,0)|vep : Lpreas(R(R); [T(c.T))) will represent an object
“located at” i. Finally, a system ¥ = (X,(,S) is encoded into the X° agent
S(¥) = |,ccC(Sc) and we will take Def = C when defining the open operational
semantic of a system of objects using the LTS of Section 2. Some remarks are
needed before stating and proving the correctness of above defined encoding.
COMPUTATIONS AND CONFIGURATIONS. A computation in system ¥ = (X,C,8)
is a reduction sequence I — S; — S2.-- with [ of the form X°;S(¥) |p and
I k= [c(3, )] for some class ¢ € C. Every S; must have the form X';S(¥) |vE :
7(Oby| -+ |Oby|ma| -+ |my) where the Ob; are objects and the m; are either
creation requests or messages i(a). Since the agent S(¥) encoding ¥ is fixed
once for all, we can abstract of its presence and consider just agents like X'; vZ :
7(Oby|- - - |Obn|my| - - - |ms), assuming that for transitions %€ the action !d.C
is always the encoding of some class specification in S(¥). Moreover, any compo-
nent of a system also has this particular structure, so we can focus our concern
just on well-typed agents of this form, to be called configurations. The following
characterises the kind of actions configurations can perform with and without
cooperation of the environment in a system reduction.

Proposition 3 Let C be a configuration of a system . If C 5 C' is a transition
occurring inside the derivation of a reduction between system configurations, then
c is of the forms 1,1i.m, Li.m or JIp for some definition p = C(S).

Hence, for instance when proving a (safety) property like I = invy from I = ¢
and ¢ = []p we can soundly restrict the universe of actions. Now, note that if

p 1% Q and X;p ¥ Q' then there is no configuration r such that X;r %% r

and Z‘, p|r is also configuration, because an object ¢ cannot be located both in
p and r. Hence, the reference LTS can be refined to approximate relevance, by
adding to rule [s] the proviso: “if not (a =t i(a) and ¢ ¥ for some b)”. The
transition relation obtained thus is easily seen to be a subset of the reference
transition relation and can be proven (still) sound w.r.t. the fragment of system
configurations. Therefore, in the sequel, we will always refer to this restricted
transition relation. We can now state correctness of the translation.

Lemma 1 Let S = (A4,£,Z,R,T) be a X-class specification of a class c. Let 1
be any interpretation such that Iz(c.P) = {(t1,... ,tn) | Z;¢.T F c.P()}. Then

I',i: obj; Obs(i, %) 1 i.Z A inv{S; (i,9) ® T}
where I' is of the form X°L°Y' for any X'.
An immediate consequence of Lemma 1 is that the translation just presented
provides a model for system specifications.
Theorem 1 Let ¥ = (X,C,S) be a system specification. Then
$OLES 40ri - objscli, ) 1 (C(S) (.2 A inv{S: (i, ) @ T})

for every ¢ € C and ¥ of the appropriate types, I assigns to each signature X
the interpretation Is(c.P) = {(v1,-.. ,vp) | Z;¢.T F c.P(9)} and satisfaction
is taken w.r.t. the relevant LTS for system configurations.
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6 Some General Properties of Systems

In this section, we state several properties found useful to reason about systems
and that can be proven valid in any configuration. We start by stating correctness
of the interpretation of attribute valuations w.r.t. principles P1-3.

Proposition 4 For every configuration P of a system ¥ = (%,C,S), and every
class ¢ € C such that a € LS,;,, we have P = P1 A P2 A P3.

We now introduce the following properties R1 and R2 that are true of all of P.
R1. PRIVACY. X400 = V. Z0.r (Ao = y). If a state has some private name,
then this name is distinct from every term in the current environment.
R2. TELESCOPING. Xy z(evigip A inv[U]Ll) = evZ;.;¢ where S is the set of
actions without free occurrences of v € ¥ and U is the set of actions extruding
some v. Thus, we can move a restriction “forward” in a computation if the
internal context does not extrude any of the restricted names.

The remaining properties are specific to object system configurations. We
assume that ¢,j are generic object names.
R3. LOCALITY. (i = j)Ai.p® T = [j.m](i.o ® T) for every pre-state formula
. Attribute values of an object can only be changed by the object’s own actions.
R4. GROUPING. (mi = /) Al ® T)A (Y ® T) = (1.9 ® j.9p @ T) allows the
concatenation of assertions about disjoint components of a configuration.
R5. MERGING. (i.p ® T)A (i. ® T) = ((¢.¢ A3.4) @ T) allows the merging of
assertions about the same component of a configuration.
R6. RELEVANCE 1. (| i.a) T = [t i.m]L expresses that if some object is located
in the system then no messages directed to it could be sent to the environment.
R7. RELEVANCE II. SZ(:,a) ® ¢ = S} (,4) ® (¢ A [ i.m]L) Messages directed
to an object ¢ cannot be received by the internal context surrounding i.
R8. SUPPORT. VZ : 7({i.a) T = i.p) given that VZ : 7(i.¢ = ([i.a]) i.¢) is the
single dynamic axiom for the action a in S*(3,&).
R9. AcT. ([a] ® inv(T @ (evsyp) A (¢ = (| a)¥))) = evis){y ® T} where S is
any action set containing 7. Together with a fairness assumption, this ensures
that every request for a message that is never forever disabled will be attended.
R10. CrEATION. For each class ¢ of type (1,...,7n)o, the principle ¢(i,3) ®
[i.m1]® - ®imi]®T) = evis)(ZAS:(i,8) @ [i.m1]® - - ® [i.my] @ T where §
can be anything not excluding | d with d is C{(S.) for some ¢ € C. Every request
for a new object is fulfilled. We now bring explicit a fairness assumption.

Definition 2 A computation P, 3 Py B8 ... is fair if whenever P, = v :
7(b|Q) and Q |= inv evs({b) T then for some n > i, P, = vij : 3(b|Q'),
Qlig'Q”; Proy1 2vy:5Q" and P, 5y Pyyy.

In a fair computation, a message request for an action that is only sometimes
disabled will necessarily result in its execution. The important remark to make is
that the weak eventualities asserted in the creation and synchronisation axioms
above express in fact strong eventualities, if we restrict our concern just to fair
computations. For instance, we can prove that if P =1 (fa] ® inv(T & (evsp) A
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Ser() is Thr(s:obj,r:obj) is
attrs attrs
req:li up : bool
ch : obj sl:li
initial initial
vn: N(req = nil Ach = n) up =T A sl = nil
dynamic dynamic
Vr,a : obj ch = r = ([open(a)]) Vi:li,z:iup=TAsl=1=
vt : Thr(r, s)a.ans(t) (ins(z)]ysl =z ol
Vs:lir:obj,l:lich=rAreq=s VNlu:li,z:iup=TAsl=1
= ([done(r,])])reg=1les Arem(l,z,u) =
VI : i a: objreg =1= ([dump(a)]) ([del(z)]) sl =u
req = nil ® a.sl(l) Vi:liup=TAsl=1l=
end ([quit]) up = F ® s.done(r,l)
static
Yz :i,l:li rem(z,z0l,l)
N(Q) is Yoy :i,lr : lirem(z,yel zor)
end < rem(z,l,r)
end

Fig. 4. A sample specification

(¢ = (a) 1)) then for all fair reduction paths P = P, 23 P, % ... there is P;
such that P, = {y ® T}.

7 Reasoning about Systems

We now present a toy specification of a commercial server usable for instance
at a bookseller network site, and prove a couple of very simple properties about
it with the program logic. Servers can perform three types of actions: open(a),
that creates a new thread whose identity is returned to the user a by means of a
message a.ans(t), dump(a) that returns to a the current list of orders, clearing it
afterwards, and done(r, ), explained shortly. Each thread can execute insertions
ins(i) and deletions del(z) of items ¢ in the current shopping list at the user com-
mand, until quit is invoked. After this happens, the thread yields the collected
shopping list (the order) to the server via a done(r,l) request, committing itself
to no further action. Obviously, only s.done(r,l) requests originated by threads
should be served by the server. This is achieved in the proposed specification by
the use of a private communication channel kept in the ch attribute of servers.
The specification is presented in Figure 4, in a sugared syntax not hard to relate
to the definitions in Section 4.

So, let I = Zn:obj(s.req = nil A s.ch = n) A inv{Ser*(s) ® T} characterise the
initial state of a system. We now prove that I = inv Vr : obj, ! : li[s.done(r,l)]L
that is, the privacy assumption just mentioned. To that end, we first show the
safety property I = invP where P = Z‘mobj(s.ch =n®T)Ainv{Ser*(s)® T}
Since I = P, we first argue informally that P = [a]P for every action a. Since
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attribute s.ch is never mentioned in s post-formulas, its value n never changes
by the frame condition. So we must just prove that such private value is never
extruded. The only possibility is in an action 1 (n : obj)s.done(n,!). But since
say P = (| (u : obj)s.open(u)) T then P = [t (n : obj)s.done(n,!)]L by R6, and
therefore P = [1(n)s.done{(n,{)]P. Thus I = invP. We now prove in detail that
P = VRL[s.done(R, L)]L.
. Xn({(Ser*(s) A s.ch = n) ® T), hypothesis and R5. By def of Ser*(s) and R8
. Za(((Vs'rl's.ch =" A s.reqg = ' < (s.done(r’,I")) T)As.ch=n)®T)
. Za(((Vr'l'ms.ch = r' = [s.done(r',I')]L) A s.ch = n) ® T), by pure logic.
- Zp((Vr'l'-n =1 = [s.done(r',l')]L) ® T), by P2.
. ARL (s.done(R, L)) T, hypothesis.
. JRL({(s.done(R,L)) T A Zo((Vr'l'-n = r’ = [s.done(r',l')]L) @ T), by 5,6.
.3RL(Z,((Vr'l'-n = r' = [s.done(r',l")]L A (s.done(R,L)) TA-R=n)®T),
by R1 and noting that n is not free in s.done(R, L).
9. IRL(X,(([s.done(R, L)]L A (s.done(R, L)) T) ® T), by pure logic.
10. VRL[s.done(R, L)] L, by 9,6 contradiction.
11. P = VYRL[s.done(R, L)]L, by 1 discharge, and we are done.
We now consider the following system-wide property ¢ stating that, in certain
conditions, after a thread executes a quit action, it should disable further actions
and it’s parent server must eventually acquire the shopping list produced by it.
Then ¢ is
Zn(Ser*(s) @ (t.sl = I AThr*(t,s,n)) @ T) = [t.quit](ev{Tu(s.regs = lou) ®
T} Ainv[S]L)

where § is the set of all actions by t. We now sketch the proof of ¢, highlight-
ing just the main steps. Assume X, (Ser*(s)® (t.sl = IANThr*(t,s,n))®T). This
implies X, (Ser*(s) ® (t.sl = | AThr*(t,s,n) A t.T3(s,n)) ® T), where T3(s,n)
is the dynamic axiom for quit in the specification for threads. Now, [t.quit]B
where B = Y, (Ser*(s)® (t.up = FAThr*(t,s,n)® s.done(n, l)), using t.T5(s, n),
and noting that n is not free in t.quit. Note that B = inv[S]l, because B =
inv(t.up = F®T). On the other hand, B = X, (s.done(n,)®inv{Ser*(s)®T}).
Now, s.done(n,l)®@inv{Ser*(s)® T} implies s.done(n,l)®@inv(evsIr(s.ch = nA
s.reqs =r)A3Ir(s.ch = nAsreqs =r) = {[s.done(n,l)]) Ir(sregs =ler)® T),
and this last formula implies ev(y,{(3r(s.regs = Lo r) ® T)} by R9, where U,
is the set of actions without free occurrences of n. Since Y ev(y,|¢ = evX,¢,
by R2, we conclude ¢.

00 ~J O U i DN p=t

8 Conclusions and Further Work

We presented a declarative executable specification language and program logic
for concurrent objects providing a unified framework for specifying and rea-
soning about systems, thus demonstrating the usefulness of the £, language
as a meta-language for structuring the definition of operational semantics and
program verification logics of languages with concurrent and logic features. An
aspect not covered in the present paper was object types, we expect also types
to be accommodated in this framework. The proposed model can be extended



56

in several directions (for instance, modelling and reasoning about inheritance,
transactions, or mobile code). An interesting observation about pL, is that the
monoidal structure induced by ®, 1 together with = and Y., induces an Action
Structure [9]. This fact may be explored in the definition of a more abstract char-
acterisation of a verification logic for global/local properties of modular systems
in the presence of private names.

Acknowledgements To the anonymous referees for their useful comments and
Project ESCOLA PRAXIS/2/2.1/MAT /46 /94 for partially supporting this work.
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Abstract. Concrete type-inference for statically typed object-oriented
programming languages (e.g., Java, C**) determines at each program
point, those objects to which a reference may refer or a pointer may
point during execution. A precise compile-time solution for this problem
requires a flow-sensitive analysis. Our new complexity results for con-
crete type-inference distinguish the difficulty of the intraprocedural and
interprocedural problem for languages with combinations of single-level
types®, exceptions with or without subtyping, and dynamic dispatch.
Our results include:

— The first polynomial-time algorithm for concrete type-inference in
the presence of exceptions, which handles Java without threads, and
C'H';

— Proofs that the above algorithm is always safe and provably precise
on programs with single-level types, exceptions without subtyping,
and without dynamic dispatch;

— Proof that intraprocedural concrete type-inference problem with
single-level types and exceptions with subtyping is PSPACE-
complete, while the interprocedural problem without dynamic dis-
patch is PSPACE-hard.

Other complexity characterizations of concrete type-inference for pro-
grams without exceptions are also presented.

1 Introduction

Concrete type-inference (CTI from now on) for statically typed object-oriented
programming languages (e.g., Java, C**) determines at each program point,
those objects to which a reference may refer or a pointer may point during exe-
cution. This information is crucial for static resolution of dynamically dispatched
calls, side-effect analysis, testing, program slicing and aggressive compiler opti-
mization.

* The research reported here was supported, in part, by NSF grant GER-9023628 and
the Hewlett-Packard Corporation.
3 These are types with data members only of primitive types.
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The problem of CTT is both intraprocedurally and interprocedurally flow-
sensitive. However, there are approaches with varying degrees of flow-sensitivity
for this problem. Although some of these have been used for pointer analysis
of C, they can be adapted for CTI of Java without exceptions and threads, or
Ct++ without exceptions. At the one end of the spectrum are intraprocedurally
and interprocedurally flow-insensitive approaches [Ste96, SH97, ZRL96, And94],
which are the least expensive, but also the most imprecise. While at the other
end are intraprocedurally and interprocedurally flow-sensitive approaches [LR92,
EGH94, WL95, CBC93, MLR*93, Ruf95], which are the most precise, but also
the most expensive. Approaches like [PS91, PC94, Age95] are in between the
above two extremes.

An intraprocedurally flow-insensitive algorithm does not distinguish between
program points within a method; hence it reports the same solution for all pro-
gram points within each method. In contrast, an intraprocedurally flow-sensitive
algorithm tries to compute different solutions for distinct program points.

An interprocedurally flow-sensitive (i.e. context-sensitive) algorithm consid-
ers (sometimes approximately) only interprocedurally realizable paths [RHS95,
LR91]: paths along which calls and returns are properly matched, while an inter-
procedurally flow-insensitive (i.e. context-insensitive) algorithm does not make
this distinction. For the rest of this paper, we will use the term flow-sensitive to
refer to an intra- and interprocedurally flow-sensitive analysis.

In this paper, we are interested in a flow-sensitive algorithm for CTT of a ro-
bust subset of Java with exceptions, but without threads (this subset is described
in Section 2). The complexity of flow-sensitive CTI in the presence of excep-
tions has not been studied previously. None of the previous flow-sensitive pointer
analysis algorithms [LR92, WL95, EGH94, PR96, Ruf95, CBC93, MLR*93] for
C/C** handle exceptions. However, unlike in Ct*, exceptions are frequently
used in Java programs, making it an important problem for Java.

The main contributions of this paper are:

— The first polynomial-time algorithm for CTI in the presence of exceptions
that handles a robust subset of Java without threads, and Ct+4,

— Proofs that the above algorithm is always safe and provably precise on pro-
grams with single-level types, exceptions without subtyping, and without
dynamic dispatch; thus this case is in P,

— Proof that intraprocedural CTT for programs with single-level types and
exceptions with subtyping is PSPA CE-complete, while the interprocedural
problem (even) without dynamic dispatch is PSPACE-hard.

— New complexity characterizations of CTIin the absence of exceptions.

These results are sumimarized in table 1, which also gives the sections of the
paper containing these results.

The rest of this paper is organized as follows. First, we present a flow-sensitive
algorithm, called the basic algorithm, for CTI in the absence of exceptions, and
fliscuss our results about complexity of CTIin the absence of exceptions. Next,

% In this paper, we present our algorithm only for Java.
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results paper (single-level exceptions exceptions |dynamic
section| types |without subtypes|with subtypes|dispatch
interprocedural CTI| sec 4 x b
in P, O(n")
intraprocedural CTI| sec 4 b's x
PSPACE-complete
interprocedural CTI| sec 4 b'd x
PSPACE-hard
interprocedural CTI| sec 3 x x
PSPACE-hard
interprocedural CTI| sec 3 x
in P, O(n®)
intraprocedural CTI} sec 3 x
in NC

Table 1. Complexity results for CTI summarized

we extend the basic algorithm for CTT in the presence of exceptions, and discuss
the complexity and correctness of the extended algorithm. Finally, we present
PSPACE-hardness results about CTIin the presence of exceptions. Due to lack
of space, we have omitted all proofs. These proofs and further details about the
results in this paper are given in [CRL97)°.

2 Basic definitions

Program representation. OQur algorithm operates on an interprocedural con-
trol flow graph or ICFG [LR91]. An ICFG contains a control flow graph (CFG)
for each method in the program. Each statement in a method is represented by
a node in the method’s CFG. Each call site is represented using a pair of nodes:
a call-node and a return-node. Information flows from a call-node to the entry-
node of a target method and comes back from the exit-node of the target method
to the return-node of the call-node. Due to dynamic dispatch, interprocedural
edges are constructed iteratively during data-flow analysis as in [EGH94]. De-
tails of this construction are shown in Figure 3. We will denote the entry-node
of main by start-node in the rest of this paper.

Representation of dynamically created objects. All run-time objects (or
arrays) created at a program point n are represented symbolically by object_n.
No distinction is made between different elements of an array. Thus, if an array
is created at n, object_n represents all elements of the array.

Precise solution for CTIL A reference variable is one of the following:
— a static variable (class variable) of reference® type;

® available at http://www.prolangs.rutgers.edu/refs/docs/tr341.ps.
% may refer to an instance of a class or an array.
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— a local variable of reference type;
— Av, where Av is V[t1]...[t4), and
e V is a static/local variable or V is an array object, allocated at program
point n, such that V is either a d-dimensional array of reference type or
an array of any type having more than ¢ dimensions and
e each t; is a non-negative integer; or
— V.s1...8;, where
e V is either a static/local variable of reference type or V is Av or V is
object object, created at program point »,
e for1l <i<k,each V.sy...s;i_1 (V for i = 1) has the type of a reference to
a class T; and each s, is a field of reference type of T; or s; = fi[t;,]...[t:, ]
and f; is a field of T; and f; is an array having at least r; dimensions
and each ¢;; is a non-negative integer, and
o V.3;...8; is of reference type.

Using these definitions, the precise solution for C'TI can be defined as follows:
given a reference variable RV and an object objeci_n, (RV,object_n } belongs
to the precise solution at a program point n if and only if RV is visible at n
and there exists an execution path from the starf-node of the program to n
such that if this path is followed, RV points to object_n at = (i.e., at the top
of n). Unfortunately, all paths in a program are not necessarily executable and
determining which are executable is undecidable. Barth[Bar78] defined precise
up to symbolic ezecution to be the precise solution under the assumption that all
program paths are executable (i.e., the result of a test is independent of previous
tests and all the branches are possible). In the rest of this paper we use precise
to mean precise up to symbolic execution.

Points-to. A points-to has the form {var,0b;j ); where varis one of the following:
(1) a static variable of reference type, (2) a local variable of reference type, (3)
object_m - an array object created at program point m or (4) object_n.f - field f,
of reference type, of an object created at a program point n; and obj is object_s
- an object created at a program point s.

Single-level type. A single-level type is one of the following: (1) a primitive
type defined in [GJS96] (e.g., int, float etc.), (2) a class that has all non-static
data-members of primitive types (e.g., class A { int i,j; }) or (3) an array of a
primitive type.

Subtype. We use Java’s definition of subtyping: a class 4 is a subtype of another
class B if A extends B, either directly or indirectly through inheritance.

Safe solution. An algorithm is said to compute a safe solution for CTTif and
only if at each program point, the solution computed by the algorithm is a
superset of the precise solution.



61

Subset of Java considered. We essentially consider a subset that excludes
threads, but in some cases we may need to exclude three other features: final-
ize methods, static initializations and dynamically defined classes. Since finalize
methods are called (non-deterministically) during garbage collection or unload-
ing of classes, if a finalize method modifies a variable of reference type (extremely
rare), it cannot be handled by our algorithm. Static initializations complicate
analysis due to dynamic loading of classes. If static initializations can be done in
program order, our algorithm can handle them. Otherwise, if they depend upon
dynamic loading (extremely rare), our algorithm cannot handle them. Similarly,
our algorithm cannot handle classes that are constructed on the fly and not
known statically. We will refer to this subset as Java WoThreads.

Also, we have considered only exceptions generated by throw statements.
Since run-time exceptions can be generated by almost any statement, we have
ignored them. Qur algorithm can handle run-time exceptions if the set of state-
ments that can generate these exceptions is given as an input. If all statements
that can potentially generate run-time exceptions are considered, we will get
a safe solution; however, this may generate far more information than what is
useful.

3 CTIin the absence of exceptions

Our basic algorithm for CTI is an iterative worklist algorithm [KU76]. It oper-
ates on an ICFG and is similar to the Landi-Ryder algorithm [LR92] for alias
analysis, but instead of aliases, it computes points-tos. In Section 4, we will
extend this algorithm to handle exceptions.

Lattice for data-flow analysis. In order to restrict data-flow only to realiz-
able paths, points-tos are computed conditioned on assumed-points-tos (akin to
reaching alias in [LR92] [PR96]), which represent points-tos reaching the entry
of a method, and approximate the calling context in which the method has been
called (see the example in Appendix A). A points-to along with its assumed-
points-to is called a conditional-points-to. A conditional-points-to has the form
(condition, poinis-to), where condition is an assumed-points-to or empty (mean-
ing this points-to is applicable to all contexts). For simplicity, we will write
(empty,points-to) as points-to. Also a special data-flow element reachable is used
to check whether a node is reachable from the start-node through a realizable
path. This ensures that only such reachable nodes are considered during data-
flow analysis and only points-tos generated by them are put on the worklist
for propagation. The lattice for data-flow analysis (associated with a program
point) is a subset lattice consisting of sets of such conditional-points-tos and the
data-flow element reachable.

Query. Using these conditional-points-tos, a query for CTI is answered as
follows. Given a reference variable V and a program point [, the conditional-
points-tos with compatible assumed-points-tos computed at ! are combined to



62

determine the possible values of V. Assumed-points-tos are compatible if and
only if they do not imply different values for the same user defined variable. For
example, if V is p.f1, and the solution computed at I contains (empty, (p, objl}),
(2, (0bj1.f1, 0bj2)) and (u, (obj1.f1, obj3)), then the possible values of V' are 0bj2
and obj3.

Algorithm description. Figure 1 contains a high-level description of the main
loop of the basic algorithm. apply computes the effect of a statement on an
incoming conditional-points-to. For example, suppose [ labels the statement p.f1
= g, ndf-elm (i.e. the points-to reaching the top of ) is (2, (p, object_s)) and
(u, (g, object_n)) is present in the solution computed at !so far. Assuming z and
u are compatible, apply generates (object_s.f1, object.n) under the condition that
both zand u hold at the entry-node of the method containing l. Then either zor «
is chosen as the condition for the generated data-flow element. For example, if »is
chosen then (u, {object_s.f1, object_n)) will be generated. When a conjunction of
conditions is associated with a points-to, any fixed-size subset of these conditions
may be stored without affecting safety. At a program point where this data-flow
element is used, if all the conjuncts are true then any subset of the conjuncts
is also true. This may cause overestimation of solution at program points where
only a proper subset of the conjuncts is true. At present, we store only the first
member of the list of conditions. apply is defined in Appendix B.

add_to_solution_and_worklist_if needed checks whether a data-flow element is
present in the solution set (computed so far) of a node. If not, it adds the data-
flow element to the solution set, and puts the node along with this data-flow
element on the worklist.

process_ezit.node propagates data-flow elements from the exit-node of a
method to the return-node of a call site of this method. Suppose (2, u) holds
at the exit-node of a method M. Consider a return-node R of a call site C of M.
For each assumed-points-to z such that (z, ?) is in the solution set at C and ¢
implies z at the entry-node of M, (z, u) is propagated by process_ezit_node to R.
process_ezit_node is defined in Figure 2.

process_call_node propagates data-flow elements from a call site to the entry-
node of a method called from this site. Due to dynamic dispatch, the set of
methods invoked from a call site is iteratively computed during the data-flow
analysis as in [EGH94]. Suppose (z, ?) holds at a call site C which has a method
M in its set of invocable methods computed so far. If ¢ implies a points-to z
at the entry-node of M (e.g., through an actual to formal binding), (z,2) is
forwarded to the entry-node of M. process.call_node also remembers the associa-
tion between z and z at C because this is used by process_ezit_node as described
above. process_call-node is defined in Figures 3 and 4.

Other functions used by the above routines are defined in Appendix B. Ap-
pendix A contains an example which illustrates the basic algorithm.

Precision of the basic algorithm. By induction on the number of iterations
needed to compute a data-flow element and the length of a path associated with
a data-flow element, in [CRL97], we prove that the basic algorithm computes the
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// initialize worklist. Each worklist node contains a data-flow element, which
'/ is a conditional-points-to or reachable, and an ICFG node.

create a workliat node containing the entry-node of main

and reachable, and add it to the worklist;

while ( worklist is not empty ) {
Wlnode = remove a node from the worklist;
ndf elm = WLnode.data-flow-element;
node = WLnode.node;

if ( node # a callnode and node # exit node of a method ) {
// compute the effect of the statement associated with node on ndf-elm.
generated data flow_elements = apply( node, ndf_elm );

for ( each successor succ of node ) {
for ( each df elm in generated data flow_elements )
add_to_solution.and worklist_if needed( df_elm, succ );

}
} // end of if

if ( node is an exit.node of a method )
process_exit node( node, ndf_elm );
if ( node is a call node )
rocess.call.node( node, ndf_elm );
} //pend of while

Fig. 1. High-level description of the basic algorithm

precise solution for programs with only single-level types and without dynamic
dispatch, exceptions or threads. For programs of this form, CTI is distributive
and a conditional-points-to at a program point can never require the simulta-
neous occurrence of multiple conditional-points-tos at (any of) its predecessors.
Intuitively this is why the above proof works. The presence of general types,
dynamically dispatched calls or exceptions with subtyping violate this condition
and hence CTI is not polynomial-time solvable in the presence of these con-
structs. We also prove that the basic algorithm computes a safe solution for
programs written in Java WoThreads, but without exceptions.

Complexity of the basic algorithm. The complexity of the basic algo-
rithm for programs with only single-level types and without dynamic dispatch,
exceptions or threads is O(n®), where n is approximately the number of state-
ments in the input program. This an improvement over the O(n”) worst-case
bound achievable by applying previous approaches of [RHS95] and [LR91] to
this case. Note that O(n?®) is a trivial worst-case lower bound for obtaining
a precise solution for this case. For programs written in Java WoThreads, but
without exceptions, the basic algorithm is polynomial-time.

Other results on the complexity of CTI in the absence of exceptions.
In [CRL97], we prove the following two theorems:

Theorem 1 Intraprocedural CTI for programs with only single-level types is in
non-deterministic log-space and hence NC.
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void process.ezit_node( exit.node, ndf_elm ) {
// Let M be the method containing the exit_node.
if ( ndf_elm represents the value of a local variable )
% it need not be forwarded to the successors (return-nodes of call sites for

this method) because the local variable is not visible outside this method.
return;

if ( ndf_elm is reachable ) {
for ( each call site C in the current set of call sites of M ){
if ( solution at C contains reachable ) {
add_to_solution and worklist_if needed( ndf elm, R );
// R is the return-node for C.
for ( each s in C.waiting local_points to_table ) {
// conditional-points-tos representing values of local variables reaching
C are not forwarded to R until it is found reachable.
'/ C.waiting_local_points_to_table contains such conditional-points-tos.

// Since R has been found to be reachable
delete s from C.waitinglocal poinst.to_table;
add.to_solution.and.worklist_ if needed( s, R );

}

return;

add_to_table_of_conditions( ndf_elm, exitnode );
// This table is accessed from the call sites of M for expanding assumed-points-tos.

for ( each call site C in the current set of call sites of M ) {
S = get_assumed points_tos( C, ndf_elm.assumed.points_to, M );
for % each assumed points to Apt in S ) {
CPT = new conditional-points-to( Apt, ndf_elm.points_to );
add_to.solution_and worklist.if needed( CPT, R );
// R is the return-node for C.

} // end of process_exit_node

Fig. 2. Code for processing an exit-node

Recall that non-deterministic log-space is the set of languages accepted by non-
deterministic Turing machines using logarithmic space[Pap94] and NC is the
class of efficiently parallelizable problems which contains non-deterministic log-
space.

Theorem 2
CTI for programs with only single-level types and dynamic dispatch is PSPACE-
hard.

4 Algorithm for CT]in the presence of exceptions

In this section we extend the basic algorithm for CTI of Java WoThreads, and
discuss the complexity and precision of this extended algorithm.

Data-flow Elements: The data-flow elements propagated by this extended
algorithm have one of the following forms:
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void process_callnode( C, ndf_elm ){
// R is the return-node for call_-node C.
if ( ndf_elm implies an increase in the set CM of methods invoked
from this site ) {
// Recall that due to dynamic dispatch, the interprocedural
'/ edges are constructed on the ﬂy, as in [EGHY94).
add this new method nM to CM;
for ( each dfelm in the solutlon set of C
interprocedurally. propagate( dfelm, C, nM ); // defined in Figure 4

if ( ndf_elm represents value of a local variable ) {

if ( solution set for R contains reachable )

// Forward ndf.elm to the return-node because (unlike ctt)

'/ a local variable cannot be modified by a call in Java.

ladd _to_solution and worklist if needed( ndf_elm, R );
else

// Cannot forward till R is found to be reachable.

add ndf_elm to waiting local_points_to_table;

for ( each method M in CM )
interprocedurally propagate( ndf elm, C, M );

Fig. 3. Code for processing a call-node

(reachable),

(label, reachable),
(ezcp-type, reachable),
(2,

(label, z, u),
(ezep-type, 2, u),
(ezep, z, obj).

N O O WN

Here z and u are points-tos. The lattice for data-flow analysis associated with a
program point is a subset lattice consisting of sets of these data-flow elements.
In the rest of this section, we present definitions of these data-flow elements
and a brief description of how they are propagated. Further details are given in
[CRLYT]. First we describe how a throw statement is handled. Next, we describe
propagation at a method ezit-node. Finally, we describe how a finally statement
is handled.

throw statement: In addition to the conditional-points-tos described previously,
this algorithm uses another kind of conditional-points-tos, called ezceptional-
conditional-points-tos, which capture propagation due to exceptions. The con-
ditional part of these points-tos consists of an exception type and an assumed
points-to (as before). Consider a throw statement !/ in a method Proc, which
throws an object of type T (run-time type and not the declared type). More-
over let ({g, obj1), (p, 0bj2)) be a conditional-points-to reaching the top of L At
the throw statement, this points-to is transformed to (7', (g, 0bj1), (p, 0bj2)) and
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interprocedurally propagate( ndf elm, ¢, M) {
// C is a call_node, R is the return-node of C and M is a method called from C.
if ( ndf_elm == reachable ) {
add_to_solution.and worklist if needed(ndf.elm, M.entrynode);
if ( M.exitnode has reachable ) {
add_to_solution.and worklist.if needed(ndf elm, R);
for ( each s in C.waitinglocal_points_to_table ) {

// Since R has been found to be reachable
delete s from C.waiting local_poinst_to_table;
add_to_solution_and worklist_if needed( s, R );

propagate conditional points_tos with_ empty condition(C,M);
return;

// get the points-tos implied by ndf_elm at the entry-node of M
S = get_implied_conditional_points_tos(ndf_elm,M,C);

for ( each s in S ) {
add_to.solution and worklist if needed( s, M.entrynode );
add to.table_of _assumed points tos( s.assumed points._to,
ndf _elm.assumed points_to, C );
// This table is accessed from exit-nodes of methods called from C
'/ for ezpanding assumed points-tos.

if ( ndf elem.apt is a new apt for s.apt ) {
// apt stands for assumed-points-to
Pts = lookup_table of conditions( s.assumed points_to, M.exit.node );
// ndf-elm.assumed_points_to is an assumed-points-to for each element of Pts

for ( each pts in Pts ) {
cpt = new conditional points_to( ndf_elm.assumedpoints_to, pts );
add_to_solution and worklist if needed( cpt, R );

}}
}} // end of each s in §

Fig. 4. Code for interprocedurally_propagate

propagated to the exit-node of the corresponding #ry statement, if there is one.
A precalculated catch-table at this node is checked to see if this exception (iden-
tified by its type T) can be caught by any of the corresponding catch statements.
If so, this exceptional-conditional-points-to is forwarded to the entry-node of this
catch statement, where it is changed back into an ordinary conditional-points-to
({g,0bj1), (p, 0bj2)). If not, this exceptional-conditional-points-to is forwarded to
the entry-node of a finally statement (if any), or the exit-node of the innermost
enclosing try, catch, finally or the method body.

A throw statement also generates a data-flow element for the exception itself.
Suppose the thrown object is 0bj and it is the thrown object under the assumed
points-to (p, obj1). Then (ezcp, (p, objl), obj) representing the exception is gen-
erated. Such data-flow elements are handled like exceptional-conditional-points-
tos, described above. If such a data-flow element reaches the entry of a caich
statement, it is used to instantiate the parameter of the catch statement.
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In addition to propagating reachable (defined in section 3), this algorithm
also propagates data-flow elements of the form (excp-type, reachable). When
(reachable) reaches a throwstatement, it is transformed into {ezcp-type, reachable),
where ezcp-type is a run-time type of the exception thrown, which is then prop-
agated like other exceptional-conditional-points-tos.

If the throw is not directly contained in a try statement, then the data-
flow elements generated by it are propagated to the exit-node of the innermost
enclosing catch, finally or method body.

ezit-node of a method: At the exit-node of a method, a data-flow element of
type 4,6 or 7 is forwarded (after replacing the assumed points-to as described
in section 3) to the return-node of a call site of this method if and only if the
assumed points-to of the data-flow element holds at the call site. At a return-
node, ordinary conditional-points-tos (type 4) are handled as before. However,
a data-flow element of type 6 or 7 is handled as if it were generated by a throw
at this return-node.

finally statement: The semantics of exception handling in Java is more compli-
cated than other languages like C**because of the finally statement. A try state-
ment can optionally have a finally statement associated with it. It is executed
no matter how the iry statement terminates: normally or due to an exception. A
finally statement is always entered with a reason, which could be an exception
thrown in the corresponding try statement or one of the corresponding catch
statements, or leaving the ¢ry statement or one of its catch clauses by a return,
(labelled) break or (labelled) continue, or by falling through. This reason is re-
membered on entering a finally, and unless the finally statement itself creates
its own reason to exit the finally, at the exit-node of the finally this reason is
used to decide control flow. If the finally itself creates its own reason to exit
itself (e.g., due to an exception), then this new reason overrides any previous
reason for entering the finally. Also, nested finally statements cause reasons for
entering them to stack up. In order to correctly handle this involved semantics,
for all data-flow elements entering a finally, the algorithm remembers the reason
for entering it. For data-flow elements of type 3, 6 or 7 {enumerated above), the
associated exception already represents this reason. A label is associated with
data-flow elements of type 1 or 4, which represents the statement number to
which control should go after exit from the finally. Thus the data-flow elements
in a finally have one of the following forms:

. {label, reachable),
{ezcp-type, reachable),
. {label, z, u),
(excp-type, 2, u),
{ezep, z, obj).

—

o N

When a labelled data-flow element reaches the labelled statement, the label
is dropped and it is transformed into the corresponding unlabelled data-flow
element.
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Inside a finally, due to labels and exception types associated with data-flow
elements, apply uses a different criterion for combining data-flow elements (at
an assignment node) than the one given in section 3. Two data-flow elements
(z1,y1,21) and (22,y2,22) can be combined if and only if both £ and 22 represent
the same exception type or the same label, and y! and y2 are compatible (as
defined in section 3).

At a call statement (inside a finally), if a data-flow element has a label or
an exception type associated with it, it is treated as part of the context (as-
sumed points-to) and not forwarded to the target node. It is put back when
assumed points-tos are expanded at an exit-node of a method. For exceptional-
conditional-points-tos or data-flow elements representing exceptions, the excep-
tions associated with them at the exit-node override any label or exception type
associated with their assumed points-tos at a corresponding call site. Data-flow
elements of the form (label,reachable) or (excp-type,reachable) are propagated
across a call if and only if (reachable) reaches the exit-node of one of the called
methods. A mechanism similar to the one used for handling a call is used for
handling a try statement nested inside a finally because it can cause labels and
exceptions to stack up. Details of this are given in [CRL97).

If the finally generates a reason of its own for exiting itself, the previous
label/ezception-type associated with a data-flow element is discarded, and the
new label/exception-type representing this reason for leaving the finally is asso-
ciated with the data-flow element.

Example. The example in Figure 5 illustrates the above algorithm.

Precision of the extended algorithm. In [CRL97], we prove that the ex-
tended algorithm described in Section 4 computes the precise solution for pro-
grams with only single-level types, exceptions without subtyping, and without
dynamic dispatch. We also prove that this algorithm computes a safe solution
for programs written in Java WoThreads.

Complexity of the extended algorithm. The the worst-case complexity
of the extended algorithm for programs with only single-level types, exceptions
without subtyping, and without dynamic dispatch is O(n7). Since we have proved
that the algorithm is precise for this case, this shows that this case is in P. If we
disallow trys nested inside a finally, the worst-case complexity is O(n®). For gen-
eral programs written in Jave Wo Threads, the extended algorithm is polynomial-
time.

Complexity due to exceptions with subtyping. In [CRL97], we prove the
following theorem:

Theorem 3 Intraprocedural CTI for programs with only single-level types and
ezceptions with subtyping s PSPACE-complete; while the interprocedural case
(even) without dynamic dispatch is PSPACE-hard.
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// Note: for simplicity only a part of the solution is shown
class A {}; class excp.t extends Exception {};
class base {

public static A a;

public static void method( A param ) throws excp-t {
excp_t unexp;

= param;
11 unexp = new excp-t;

// {empty, (unezp, objectll ) ),
K (param, object.l2), (a, ob]ect_l2) )
throw unexp;

// (excp, empty, object 11 ),
'/ (excp_t, (param, objecti2), (a, objecti2) )

}
}s
class test {

public static void testmethod( ) {
A local;

12: local = new A;

try {
base.method( local );

// {excp, empty, objectil ), (excp_t, empty, (a, objecti2) )

catch( excp_t param ) {
{é {empty, (param, object 1) ), (empty, (a, objectl2 ) )

finally { .
// {14, empty, (a, object12) )

{4/'<6‘mpty, (a, object12) )

Fig. 5. CTI in the presence of exceptions

Theorems 2 and 3 show that in the presence of exceptions, among all the rea-
sonable special cases that we have considered, programs with only single-level
types, exceptions without subtyping, and without dynamic dispatch comprise
the only natural special case that is in P. Note that just adding subtyping for
exception types and allowing overloaded caich clauses increase complexity from
P to PSPACE-hard.

5 Related work

As mentioned in the introduction, no previous algorithm for pointer analysis or
CTI handles exceptions. This work takes state-of-the-art in pointer analysis one
step further by handling exceptions. Our algorithm differs from other pointer
analysis and CTT algorithms [EGH94, WL95, Ruf95, PC94, PS91, CBC93,
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MLR*93] in the way it maintains context-sensitivity by associating assumed-
points-tos with each data-flow element, rather than using some approximation
of the call stack. This way of handling context-sensitivity enables us to obtain
precise solution for polynomial-time solvable cases, and handle exceptions. This
way of maintaining context is similar to Landi-Ryder’s[LR92] method of storing
context using reaching aliases, except that our algorithm uses points-tos rather
than aliases. Qur algorithm also differs from approaches like [PS91, Age95] in
being intraprocedurally flow-sensitive.

6 Conclusion

In this paper, we have studied the complexity CTI for a subset of Java, which
includes exceptions. To the best of our knowledge, the complexity of CTIin the
presence of exceptions has not been studied before. The following are the main
contributions of this work (proofs are not presented in this paper, but appear in
[CRLI7]):

1. The first polynomial-time algorithm for CTT in the presence of exceptions
which handles a robust subset of Java without threads, and C+.

2. A proof that CTT for programs with only single-level types, exceptions with-
out subtyping, and without dynamic dispatch is in P and can be solved in
O(n") time.

3. A proof that intraprocedural CTT for programs with only single-level types,
exceptions with subtyping, and without dynamic dispatch is PSPACE-
complete, and the interprocedural case is PSPACE-hard.

Additional contributions are:

1. A proof that CTI for programs with only single-level types, dynamic dis-
patch, and without exceptions is PSPACE-hard.

2. A proof that CTI for programs with only single-level types can be done
in O(n®) time. This is an improvement over the O(n”) worst-case bound
achievable by applying previous approaches of [RHS95] and [LR91] to this
case.

3. A proof that intraprocedural CTT for programs with only single-level types
is in non-deterministic log-space and hence NC.
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A Example for the basic algorithm

// Note: due to lack of space only a part of the solution is shown

class A {}; class B { class C {
public B field1l; public B field1;
H H
class base { class derived extends base {
public static A a; public void method( ) {
public void method( ){ {/ overrides base::method
11: a = new A; 2: a = new A;
// {empty, (a, object 11 ) ) //_(emp(ii‘y, (a, objecti2) )
. o

exit node: exit._node:

’ ’

}i }i

class caller {
public static void call( base param ) {
7 param, objectly ), (param, object 1y ) ),
'/ {{param, object15 ), {param, objectl5 ) ),

2

13: param.method();

// (param, objectl{) => base::method is called.
/ param, object 15 ) => derived::method is called.

(empty, (a, object 11 } ) is changed to
{(param, object 1y ), (a, objectll ) ) because base::method is
called only when (param, object 1 ).
empty, (a, object 12 ) ) is changed to
(param, objectl5 ), (a, object 12 ) ) because derived::method is
/ s called only when (param, object15 ).

}; }/ end of class caller

class potpourri {
public static void example( C param ) {
// Let S = { ((param, object_i6 ), (param, object16) ),

param, object 17 ), (param, object17) ),
object16.field1, null ), (object16.field1, null) ),
object 17.field1, null ), (objecti7.fieldl, null ) }}
/ solution at this point 1s
ocal = param;
// Let 81 = 8 U {{{param, object 16 ), (local, object 16 ) ),
param, object17 ), (local, object 17 ) ) }

'/ solution at this point is S1
8: local.fieldl = new B;

’

// solution =
51 U { ((param, object_l6 ), (object6.field1, object 18 ) ),
(param, object 17 ), (object17.fieldl, objectis ) },
/ empty, (object18.field1, null ) ) }
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exit node:
H

}:

class test {

public void test1( ) { public void test2( ) {
base P; derived p;
14: p = new base; 15: p = new derived;
// (empty, {(p, objectlf) ) 110: caller.call(p);
19: caller.call(p);
// {empty, (p, object 1)) . // {empty, (p, objectI5) ) .
/ At 19 {p, objectiq ) At 110 (p, object.15 ) '=>
) => (empty, {a, object i1 ) ). (empty, {a, objecti2 ) ).
exit. node exitmod

}s }

pubéic void test3( ) { pughc void test4( ) {
16cl q = new C; 17 q = new C;
potpouri. example( qQ); potpouri. exa.mple( q);

) H

}i

B Auxiliary functions

// CPT stands for a conditional-points-to. DFE stands for a
'/ data-flow-element which could be a CPT or ‘reachable’.

set of data-flow-elements apply( node, rDFE ) {
// this function computes the effect of the statement (if any) associated
/ with node on rDFE, i.e. the resulting data-flow-elements at the bottom
'/ of node.
set of data-flow-elements retVal = empty set;
if ( node is a not an assignment node ) {

add rDFE to retVal;
return retVal;

if ( rDFE == reachable ) {
add rDFE to retVal;
if (node uncondlt:.onally generates a conditional-points-to) {
= new A; unconditionally generates
/ (empty, (p, ob]ect_l
add this conditiona -p01nts to to retVal;

}

else
{K rDFE’ is a conditional-points-to
_set = combine compatible CPTs in the solution set computed
so far (including rDFE) to generate the set of locations
represented by the left-hand-side.

// Note: each element in lhs_set has a set of assumed
'/ points-tos associated with i’

similarly compute rhs set for the right-hand-side.

retVal = combine compatible elements from lhs_set and rhs_set.
// only one of the assumed points-tos associated with a
'/ resulting points-to is chosen as its assumed points-to.

if ( rDFE is not killed by this node )
add rDFE to retVal;
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return retVal;

} // end of apply

void add_to_table_of conditions( rCPT, exit-node ) {
// each exit-node has a table condTable associated with it,

which stores for each assumed points-to, the points-tos
which hold at the ezit-node with this assumed points-to.
/ This function stores rCPT in this table. }

void add_to_table_of_assumed points_tos(s, condition, C) {
// C is a call-node, condition is an assumed-points-to and s i3 a
/ points-to passed to the entry-node of a method invoked from C.

Each call-node has a table asPtTtable associated with it, which
stores for each points-to that is passed to the entry-node of a
method invoked from this site, the assumed-points-tos which
tmply this point-to at the call site. This function stores

/ condstion with s in this table. }

set of points-tos get.assumed_points_tos( C, s, M) {
if (s is empty ) {
if ( the solution set at C does not contain reachable )
return empty set;
else {
if (C is a dynamically-dispatched-call site)
return the set of assumed-points~tos for the values
lof receiver, which result in a call to method M;
else
return a set containing empty;

else
retirn the assumed-points-tos stored with s in C.asPtTtable;
// asPtTtable is defined in add_to_table_of-assumed_points_tos.

}

set of points-tos lookup_table_of conditions( condition, exit-node ) {
// It returns the points-tos stored with condition in
'/ exit-node.condTable, which is defined in add_to_table_of-conditions.

set of conditional-points-tos get_implied_conditional points_tos( rCPT, M, C ) {
// It returns conditional-points-tos implied by rCPT.points-to
at the entry-node of method M at call-node C. This means it also
'/ performs actual to formal binding. Note that it may return
// an empty set. }

void propagate_conditional_points_tos_with_empty.condition( C, M) {
if ( C is not a dynamicallydispatched.call site )
S = { empty };
else
S = set of assumed-points-tos for the values
of receiver, which result in a call to method M;

Pts = lookup_table of_conditions( empty, M.exit.node );
for ( each s in 8 ) {
for ( each pts in Pts ) {
cpt = new conditional points_to( s, pts );
add_to_solution and worklist if needed( cpt, R );
// R is the return-node of C
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Abstract. Tupling transformation strategy can be used to merge loops
together by combining recursive calls and also to eliminate redundant
calls for a class of programs. In the latter case, this transformation can
produce super-linear speedup. Existing works in deriving a safe and
automatic tupling only apply to a very limited class of programs. In
this paper, we present a novel parameter analysis, called synchronisation
analysis, to solve the termination problem for tupling. With it, we can
perform tupling on functions with multiple recursion and accumulative
arguments without the risk of non-termination. This significantly widens
the scope for tupling, and potentially enhances its usefulness. The anal-
ysis is shown to be of polynomial complexity; this makes tupling suitable
as a compiler optimisation.

1 Introduction

Source-to-source transformation can achieve global optimisation through special-
isation for recursive functions. Two well-known techniques are partial evaluation
[9] and deforestation [20]. Both techniques have been extensively investigated
[18, 8] to discover automatic algorithms and supporting analyses that can ensure
correct and terminating program optimisations.

Tupling is a lesser known but equally powerful transformation technique.
The basic technique works by grouping calls with common arguments together,
so that their multiple results can be computed simultaneously. When success-
fully applied, redundant calls can be eliminated, and multiple traversals of data
structures combined.

As an example, consider the Tower of Hanoi function.

hanoi(0,a,b,c) = {[];

hanoi(1+4n,a,b,c) = hanoi(n,a,c,b)+[(a,b)]+Hhanoi(n,c,b,a);
Note that ++ denotes list catenation. The call hanoi(n,a,b,c) returns a list of
moves to transfer n discs from pole a to b, using ¢ as a spare pole. The first pa-
rameter is a recursion parameter which strictly decreases, while the other three
parameters are permuting parameters which are bounded in values. (A formal
classification of parameters will be given later in Sec 2.) This definition contains
redundant calls, which can be eliminated. By gathering each set of overlapping
calls, which share common recursion arguments into a tupled function, the tu-
pling method introduces:

* This work was done while Lee was a recipient of a NUS Graduate Scholarship.
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ht2(n,a,c,b) = (hanoi(n,a,c,b), hanoi(n,c,b,a) ;
ht3(n,a,b,c) = (hanoi(n,a,b,c), hanoi(n,b,c,a), hanoi(n,c,a,b)) ;
and transforms hanoi to the following :

hanoi(1+n,a,b,c) = let (u,v)=ht2(n,a,c,b) in utt+[(a,b)[4+v;

ht2(0,a,c,b) ; 0

ht2(1+n,a,c,b) = let (u,v,w)=ht3(n,a,b,c) in (utt{(a,c)H++v,w+[(c,b)[++u) ;
ht3(0,a,b,c) = ((L0,0);

ht3(1+n,a,b,c) = let (u,v,w)=ht3(n,a,c,b)

in (utt[(a,b)J+v,wtt[(b,c)J+tu, vi+{{c.a)H+w);

Despite a significant loss in modularity and clarity, the resulting tupled func-
tion is desirable as their better performance can be mission critical. Sadly, manual
and error-prone coding of such tupled functions are frequently practised by func-
tional programmers. Though the benefits of tupling are clear, its wider adoption
is presently hampered by the difficulties of ensuring that its transformation al-
ways terminates. This problem is crucial since it is possible for tupling to meet
infinitely many different tuples of calls, which can cause infinite number of tuple
functions to be introduced. Consider the knapsack definition below, where W{(i)
and V(i) return the weight and value of some i-th item.

knap(0,w) =0;
knap(1+n,w) = if w < W(1+n) then knap(n,w)
else max(knap(n,w),knap(n,w-W(1+n))+V(1+n) ;
Redundant calls exist but tupling fails to stop when it is performed on the above
function. Specifically, tupling encounters the following growing tuples of calls.
1. (knap(n,w),knap(n,w-W(1+n)))
2. (knap(m ,w),knap(ni,w-W(1+n )),knap(n;,w-W{(2+mn)),
knap(m S W= W(2+1’11)- W(1+H1)))
3. (knap(ny,w) knap(n;,w-W(1+n: )),knap(nz,w-W(2+n3 )}-W(1+n3)),
knap(ng,w-W(2+n;)),knap(nz ,w-W(3+n3)),knap(nz,w-W(3+nz )-W(1+n;)),
knap(ny ,w-W(3+n3 }-W(2+n; ) ), knap(nz ,w- W(3+12 )- W(2+4n; )-W(1+n:)))

Why did tupling failed to stop in this case? It was because the calls of knap
overlap, but their recursion parameter n did not synchronise with an accumula-
tive parameter w.

To avoid the need for parameter synchronisation, previous proposals in {2,7]
restrict tupling to only functions with a single recursion parameter, and without
any accumulative parameters. However, this blanket restriction also rules out
many useful functions with multiple recursion and/or accumulative parameters
that could be tupled. Consider:

repl(Leaf(n),xs) = Leaf(head(xs));

repl(Node(l,r),xs) = Node(repl(l,xs),repl(r,sdrop(l,xs)));
sdrop(Leaf(n),xs) = tail(xs);

sdrop(Node(l,r),xs) = sdrop(r,sdrop(l,xs));

Functions repl and sdrop are used to replace the contents of a tree by the items
from another list, without any changes to the shape of the tree. Redundant sdrop
calls exist, causing repl to have a time complexity of O(n?) where n is the size of
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the input tree. The two functions each has the first parameter being recursion and
the second being accumulative. For the calls which overlap, the two parameters
synchronise with each other (see Sec. 6 later). Hence, we can gather repl(l,xs)
and sdrop(l,xs) to form the following function:

rstup(l,xs) = (repl(l,xs),sdrop(l,xs))

Applying tupling to rstup yields the following O(n) definition:
rstup(Leaf(n),xs) = (Leaf(head(xs)),tail(xs)) ;
rstup(Node(l,r),xs) = let {(u,v)=rstup(l,xs); (a,b)=rstup(r,v)} in (Node(u,a),b) ;

This paper proposes a novel parameter analysis, called synchronisation anal-
ysis, to solve the termination problem for tupling. With it, we can considerably
widen the scope of tupling by selectively handling functions with multiple recur-
sion (and/or accumulative) parameters. If our analysis shows that the multiple
parameters synchronises for a given function, we guarantee that tupling will
stop when 1t is applied to the function. However, if our analysis shows possible
non-synchronisation, we must skip tupling. (This failure may be used to suggest
more advanced but expensive techniques, such as vector-based [3] or list-based
[14] memoisations. These other techniques are complimentary to tupling since
they may be more widely applicable but yield more expensive codes.) Lastly, we
provide a costing for our analysis, and show that it can be practically imple-
mented.

In Sec. 2, we lay the foundation for the discussion of tupling transformation
and synchronisation analysis. Sec. 3 gives an overview of the tupling algorithm
and the two obstacles towards terminating transformation. Sec. 4 provides a
formal treatment of segments, which are used to determine synchronisation. In
Sec. 5, we formulate prevention of indefinite unfolding via investigation of the
behaviour of segment concatenation. In Sec. 6, we formally introduce synchro-
nisation analysis, and state the conditions that ensure termination of tupling
transformation. Sec. 7 describes related work, before a short conclusion in Sec. 8.
Due to space constraint, we refer the reader to [4] for more in-depth discussion
of related issues.

2 Language and Notations

We consider a strict first-order functional language.

Definition 1 (A Simple Language). A program in our simple language con-
sists of sets of mutual-recursive functions:

P :=[M.), (Program)

M :=[F)%o (Set of Mut. Rec. Fns)
F =2={f(puy--.,pm) =t} 2o (Set of Equations)

t i=v [ Ctr,.oitn) | fb1y. . ta) (Expression)

| if t1 then to else tz |let {p, =t.}j=p int
p u=v |C(p1y...,pn) (Pattern)
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We allow use of infix binary data construction in this paper. Moreover, we
shall construct any Peano integer as a data constructed from 0 and 1+n. Applying
the constructor, (1+), k times to a variable m will be abbreviated as k+m.

For clarity, we adopt the following multi-holes context notation :

Definition 2 (Multi-holes Context Notation). The RHS of an equation of
a function f can be expressed as Ex[t1,...,tn] Where &, ..., t, are sub-expressions
occurring in the RHS. 0O

Safety of tupling transformation relies on the ability to determine systematic
change in the arguments of successive function calls. Such systematic change can
be described with appropriate operators, as defined below:

Definition 3 (Argument Operators).

1. Each data constructor C of arity n in the language is associated with n
descend operators, which are data destructors. Notation-wise, let C(t,,...,tn)
be a data structure, then any of its corresponding data destructors is denoted
by C™', and defined as C™* C(ts,...,tn) = t.

2. For each constant (i.e. variable-free constructor subterm), denoted by c in our

program, a constant operator ¢ always return that constant upon application.

. An identity, id, is the unit under function composition.

4. For any n-tuple argument (ai,.. .,an ), the i** selector, f., is defined as f, (a,...,
an) = a.

5. An accumulative operator is any operator that is not defined above. For
instance, a data constructor, such as C described in item 1 above, is an
accumulative operator; and so is the tuple constructor (opi,...,0ps). O

w

Composition of operators is defined by (fo g) x = f (g x). A composition of
argument operators forms an operation path, denoted by op. It describes how
an argument is changed from a caller to a callee through call unfolding. This
can be determined by examining the relationship between the parameters and
the call arguments appearing in the RHS of the equation. For instance, consider
the equation g(x) = Ez[g(C(x,2))]. C(x,2) in the RHS can be constructed from
parameter x via the operation path : Co (id, 2).

Changes in an n-tuple argument can be described by an n-tuple of opera-
tion paths, called a segment, and denoted by (ops,...,opn). For convenience, we
overload the notion id to represent an identity operation as well as a segment
containing tuple of identity operation paths.

Segments can be used in a function graph to show how the function arguments
are transformed:

Definition 4 (Labelled Call Graph). The labelled call graph of a set of mutual-
recursive functions F, denoted as (Nr, Er), is a graph whereby each function
name from F is a node in Nr; and each caller-callee transition is represented by
an arrow in Er, labelled with the segment information. o
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((1+)—1 o ﬁls 625 ﬁé: 53)

hanoi

Z N\

((1+)_1 o u17 54, ﬂs, ﬂ2)

Fig. 1. Labelled Call Graph of Hanoi defined in Sec. 1.

We use segments to characterise function parameters. The characterisation stems
from the way the parameters are changed across labelled call graph of mutually
recursive functions.

Definition 5 (Characterising Parameters/Arguments). Given an equation
of the form f(p1,...,pn) = ¢,

1. A group of fs parameters are said to be bounded parameters if their corre-
sponding arguments in each recursive call in ¢ are derived via either con-
stants, identity, or application of selectors to this group of parameters.

2. The i** parameter of fis said to be a recursion parameter if it is not bounded
and the i** argument of each recursive call in ¢ is derived by applying a series
of either descend operators or identity to the i** parameter.

3. Otherwise, the fs parameter is said to be an accumulative parameter. o

Correspondingly, an argument to a function call is called a recursion/accumu-
lative argument if it is located at the position of a recursion/accumulative pa-
rameter.

We can partition a segment according to the kinds of parameters it has:

Definition 6 (Projections of Segments). Given a segment, s, characteris-
ing the parameters of an equation, we write nr(s)/ma(s)/mr(s) to denote the
(sub-)tuple of s, including only those operation paths which characterise the re-
cursion/accumulative/bounded parameters. The sub-tuple preserves the original
ordering of the operation paths in the segment.

Furthermore, we write 75 (s) to denote the sub-tuple of s excluding rr(s). O

As examples, the first parameter of function hanoi is a recursion parameter,
whereas its other parameters are bounded. In the case of functions repl and sdrop
(defined in Sec. 1 too), both their first parameters are recursion parameters, and
their second parameters are accumulative.

Our analysis of segments requires us to place certain restrictions on the pa-
rameters and its relationship with the arguments. This is described as follows:
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Definition 7 (Restrictions on Parameters).

1. Each set of mutual-recursive functions (incl. recursive auxiliary functions),
M, has the same number of recursion/accumulative parameters but can have
an arbitrary number of bounded parameters.

2. Given an equation from M, the i*" recursion/accumulative argument of any
recursive call in the RHS is constructed from the i** parameter of the equa-
tion. a

The second restriction above enables us to omit the selector operation from
the operation paths derived for recursion/accumulative parameters. Though re-
strictive, these requirements can be selectively lifted by pre-processing trans-
formation and/or improved analysis. Due to space constraint, the details are
described in a companion technical report [4].

3 Tupling Algorithm

Redundant calls may arise during executing of a function f when two (or more)
calls in f’s RHS have overlapping recursion arguments. We define the notion of
overlapping below:

Definition 8 (Call Overlapping).

1. Two recursion arguments are said to overlap each other if they share some
common variables.

2. Two accumulative arguments are said to overlap each other if one is a sub-
structure of the other.

3. Two calls overlap if all its corresponding recursion and accumulative argu-
ments overlap. Otherwise, they are disjoint. O

For example, if two functions fI and f2 have only recursion arguments, then
f1(C1(x1,%x2), C2(x4,C1 (x5,%6))) and £2(Ca(x2,x3), C2(xs,%7)) have overlapping recur-
sion arguments, whereas f1(Ci (x1,x2), Ca(xs,C1(xs5,%s))) and f2(x2,x7) are disjoint.

If two calls overlap, the call graphs initiated from them may overlap, and thus
contain redundancy. Hence, it is useful, during tupling transformation, to gather
the overlapping calls into a common function body with the hope that redundant
calls (if any) will eventually be detected and eliminated (via abstraction). Once
these redundant calls have been eliminated, what’s left behind in the RHS will
be disjoint calls.

Applying tupling on a function thus attempts to transform the function into
one in which every pair of calls in the new RHS are disjoint. Fig. 2 gives an
operational description of the tupling algorithm.!

There are two types of unfolds in the tupling algorithm: In Step 4.2, calls are
unfolded without instantiation; ie., a call is unfolded only when all its arguments
matches the LHS of an equation. On the other hand, in Step 4.4.2.2, a call is
selected and forced to unfold. This henceforth requires instantiation. Among the

! Please refer to [10] for detail presentation.
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1. Decide a set of recursive function calls to tuple, C.
2. Let E contains a set of equations (with C calls in their RHS) to transform.
3. Let D be empty. (D will be the set of tuple definitions.)
4. While F is not empty,
4.1.Remove an equation, say f(ps,...,pn) = ¢, from E.
4.2.Modify t=> t; by repeatedly unfolding without instantiation each function
call to C in t.
4.3.Gather each subset of overlapping C calls, s,, and perform the following
tuples abstraction steps:
4.3.1. For each tuple s,, abstract the common substructure, t,,, occurring in
the accumulative arguments of all calls in s,, and modify
s=> let {v,; =t }f'=, in 8.
4.3.2. Modify t;= let |J {v., = t.,]}f':l inlet {(vi,1,...,0,n,) = 8 Hirs in ts.
4.4.For each tuple s, from {s,}/~;, we transform to s, as follows :
Let {vs,...,vn} = Vars(s)) where Vars(e) returns free variables of e
4.4.1. If s has < 1 function call, then s;' = s;. (No action taken.)
4.4.2. If there is no tuple definition for s, in D, then
4.4.2.1. Add a new definition, g(v;,...,vs) = 5, to D.
4.4.2.2. Instantiate g by unfolding (with instantiation) a call in s, that has
maximal recursion argument. This introduces several new equations
for g, which are then added to E.
4.4.2.3. Set 8 = g(vi,..., ).
4.4.3. Otherwise, a tuple definition, of name say h, matching s, is found in D.
4.4.3.1. Fold s] against definition of A to yield a call to A, by setting
8 = h(vi,...,vn).
4.5.0utput a transformed equation
fp1,...,pn) =1let U, {v, = t.,,}f'=1 inlet {(v,1,...,0,n) = 8}y in ts.
5. Halt.

Fig. 2. Tupling Algorithm, 7

calls available, we choose to unfold a call having mazimal recursion arguments;
that is, the recursion arguments, treated as a tree-like data structure, is deepest
in depth among the calls.

Although effective in eliminating redundant calls, execution of algorithm 7
may not terminate in general due to one of the following reasons: (1) Step 4.2
may unfold calls indefinitely; (2) Step 4.4.2 may introduce infinitely many new
tuple definitions as tupling encounters infinitely many different tuples.

We address these two termination issues in Sec. 5 and Sec. 6 respectively.
But first, we give a formal treatment of algebra of segments.

4 Algebra of Segments

A set of segments forms an algebra under concatenation operation.
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Definition 9 (Concatenation of Operation Paths). Concatenation of two
operation paths opl and op2, denoted by opl ; op2, is defined as op2o opl. O

Definition 10 (Concatenation of Segments). Concatenation of two segments
s1 and s2, denoted by sl1;s2, is defined componentwise as follows:

sl = (opt,...,0pn ) & s2 = (0p™,...,0p’n ) => s1 ;52 = (op130p™n,...,0pni0p’n ). O

A concatenated segment can be expressed more compactly by applying the
following reduction rules:

1. For any operator O, id o O reduces to O, and O o id reduces to O.
2.V 0l ...,0nand O, (010 O, ..., On o O) reduces to (O1,..., On) o O.

Applying the above reduction rules to a segment yields a compacted segment.
Henceforth, we deal with compacted segments, unless we state otherwise.

Lastly, concatenating a segment, s, n times is expressed as s™. Such repetition
of segment leads to the notion of factors of a segment, as described below:

Definition 11 (Factorisation of Segments). Given segments s and f f is
said to be a factor of s if (1) fis a substring of s, and (2) 3In >0.s =f".
We call n the power of s wrt f. ]

For example, (C~2, id) is a factor of (C~%0 C™20C™2, id ), since (C72,id )® =
(C™%0C"2%0C72, id ). It is trivial to see that every segment has at least one factor
— itself. However, when a segment has exactly one factor, it is called a prime
segment. An example of prime segment is (C; oGy, id ).

Lemma 12 (Uniqueness of Prime Factorisation[10]). Let s be a compacted
segment, there exists a unique prime segment f such that s = f* for some k>0.
O

5 Preventing Indefinite Unfolding

We now provide a simple condition that prevents tupling transformation from
admitting indefinite unfolding at Step 4.2. This condition has been presented in
[2]. Here we rephrase it using segment notation, and extend it to cover multiple
recursion arguments.

We first define a simple cycle as a simple loop (with no repeating node, except
the first one) in a labelled call graph. The set of segments corresponding to the
simple cycles in a labelled call graph (N,E) is denoted as SCycle(N,E). This can
be computed in time of complexity O(|N}|E|?) [10].

Theorem 13 (Preventing Indefinite Unfolding). Let F be a set of mutual-
recursive functions, each of which has non-zero number of recursion parameters.
If ¥ s € SCycle(Nr,Er ), wr(s) # (id,. . .,id), then given a call to f € F with argu-
ments of finite size, there exists a number N>0 such that the call can be succes-
sively unfolded (without instantiation) not more than N times. a
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6 Synchronisation Analysis

We now present analysis that prevents tupling from generating infinitely many
new tuple functions at Step 4.4.2. The idea is to ensure the finiteness of syntac-
tically different (modulo variable renaming) tupled calls. As a group of bounded
arguments is obtained from itself by the application of either selectors, iden-
tity or constants operators, it can only have finitely many different structures.
Consequently, bounded arguments do not cause tupling transformation to loop
infinitely. Hence, we focus on determining the structure of recursion and ac-
cumulative arguments in this section. Specifically, we assume non-existence of
bounded arguments in our treatment of segments.

Since syntactic changes to call arguments are captured by series of segments,
differences in call arguments can be characterised by the relationship between
the corresponding segments. We discuss below a set of relationships between
segments.

Definition 14 (Levels of Synchronisation). Two segments s; and s; are said
to be :

1. level-1 synchronised, denoted by s1 ~1 sz, if 3si, 85.(s1;81 = s2;55). Otherwise,
they are said to be level-0 synchronised, or simply, unsynchronised.

2. level-2 synchronised (s1 ~2 s3) if 351, 55.((51;8] = s2;85) A (st =id V 55 = id)).

3. level-8 synchronised (s; ~3 s2) if 3 5.3n,m > 0.(s1 = 3" A sz = s™).

4. level-4 synchronised (s1 ~4 s2) if s1 = s,. a

Levels 1 to 4 of synchronisation form a strict hierarchy, with synchronisation
at level i implying synchronisation at level jif i > j. Together with level-0, these
can help identify the termination property of tupling transformation.

Why does synchronisation play an important role in the termination of tu-
pling transformation? Intuitively, if two sequences of segments synchronise, then
calls following these two sequences will have finite variants of argument struc-
tures. This thus enables folding (in Step 4.4.3) to take effect, and eventually
terminates the transformation.

In this section, we provide an informal account of some of the interesting
findings pertaining to tupling termination, as implied by the different levels of
synchronisation.

Finding 1. Transforming two calls with identical arguments but following level-0
synchronised segments will end up with disjoint arguments.?

Ezample 15. Consider the following two equations for functions g1 and g2 re-
spectively:

2 Sometimes, two apparently level-0 synchronised may turn into synchronisation of
other levels when they are prefixed with some initial segment. Initial segments may
be introduced by the argument structures of the two initially overlapping calls. Such
hidden synchronisation can be detected by extending the current technique to handle
”rotate/shift synchronisation” [5].
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81(Ci(x1,x2),Ca(y1,y2)) = Eqa[gl(x1,31)];
82(Ci(x1,x2),Co(y1,52)) = Eg2[82(x1,y2)] ;

The segment leading to call gl(x;,y:1) is (C7',C5"' ), whereas that leading to
call g2(x1,y2) 1s (C7*,C5?). These two segments are level-0 synchronised. Suppose
that we have an expression containing two calls, to gl(u,v) and g2(u,v) respec-
tively, with identical arguments. Tupling-transform these two calls causes the
definition of a tuple function:

g-tup(u,v) = ( gl{u,v), g2(u,v) )} ;
which will then transform (through instantiation) to the following:

g-tup(C1(u1,u2),C2(v1,v2)) = (Eg1[gl(u1,v1)], Bg2[g2(us,v2)]) ;

As the arguments of the two calls in the RHS above are now disjoint, tupling
terminates. However, the effect of tupling is simply an unfolding of the calls.
Thus, it is safe® but not productive to transform two calls with identical argu-
ments if these calls follow segments that are level-0 synchronised. a

Finding 2. Applying tupling transformation on calls that follow level-2 synchro-
nised segments may not terminate.

Erample 16. Consider the binomial function, as defined below:

bin(0,k) =1;

bin(1+n,0) =1;

bin(1+n,1-+k) = if k>n then 1 else bin(n,k)+bin(n,1+k) ;
Redundant call exists in executing the two overlapping calls bin(n,k) and bin{n,1+k)
Notice that the segments leading to these calls (((1+)7,(1+)™" ) and ((1+)",id ))
are level-2 synchronised. Performing tupling transformation on (bin(n,k),bin(n,1+k)
will keep generating new set of overlapping calls at Step 4.4.2.2, as shown below:

1. (bin{n,k),bin(n,1+k))

2. (bin(1+n1,k),bin(n; k),bin{n1,1+k))

3. (bm(m ,k1 ),bin(n1,1+k1),bin(n1 ,2+k1 ))

4. (bin(l-f—ng,kl),bin(ng,kl),bin(nz,1+k1),b1'n(n2,2+k1))

Hence, tupling transformation fails to terminate. g

Non-termination of transforming functions such as bin can be predicted from
the (non-)synchronisability of its two segments — Given two sequences of seg-
ments, s; = ((1+)7, (1+)7! ) and s, = ((1+)7', id ). If these two sequences are
constructed using only s; and s, respectively, then it is impossible for the two
sequences to be identical (though they overlap).

However, if two segments are level-3 synchronised, then it is always possible
to build from these two segments, two sequences that are identical; thanks to
the following Prop. 17(a) about level-3 synchronisation.

% with respect to termination of tupling transformation.
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Property 17 (Properties of Level-3 Synchronisation).

(a) Let fi, £, be prime factors of s; and s; respectively, then s; ~3 s, = fi = f,.
(b) Level-3 synchronisation is an equivalence relation over segments (ie., it is
reflexive, symmetric, and transitive). a

This, thus, provides an opportunity for termination of tupling transforma-
tion. Indeed, the following theorem highlights such an opportunity.

Theorem 18 (Termination Induced by Level-3 Synchronisation). Let F
be a set of mutual-recursive functions with S being the set of segments correspond-
ing to the edges in (Np,Er). Let C be an initial set of overlapping F-calls to be
tupled. If

1. ¥V s € SCycle(Np,Er) . mr(s) # (id,. . .,id),
2. ¥ S1, S2 € S. ﬁ(s;) g —‘fr—E(Sz).

then performing tupling transformation on C terminates. a

The notion 75(s) was defined in Defn. 6. The first condition in Theorem 18
prevents infinite number of unfolding, whereas the level-3 synchronisation condi-
tion ensures that the number of different tuples generated during transformation
is finite. The proof is available in [4].

Ezample 19. Consider the equation of f defined below:
f(24+n,44+m,y) = E[f(14n,2+m,C(y)),f(n,m,C(C(y)))] ;
Although the recursion arguments in f(1+n,2+m,C(y)) and f{n,m,C(C(y))) are con-
sumed at different rate, the argument consumption (and accumulating) patterns
for both calls are level-3 synchronised. Subjecting the calls to tupling transfor-
mation yields the following result:
f(2+n,4+m,y) = let {y1 = C(y)} in let {(u,v) = Ltup(n,m,y1)} in Et[u,v];
ftup(1+n,24+m,y) = let {y2 = C(y)} in let {(u,v) = ftup(n,m,y2)} in (Ex[u,v],u);
O

Finally, since level-4 synchronisation implies level-3 synchronisation, Theorem 18
applies to segments of level-4 synchronisation as well.

In situation where segments are not all level-3 synchronised with one another,
we describe here a sufficient condition which guarantees termination of tupling
transformation. To begin with, we observe from Prop. 17(b) above that we can
partition the set of segments S into disjoint level-3 sets of segments. Let ITs =
{[s1], ---, [sx] } be such a partition. By Prop. 17(a), all segments in a level-3
set [s,] share a unique prime factor, f, say, such that all segments in [s.] can be
expressed as {f',....ff»}. We then define HCF([s.]) = I,ng(”"""”"'), where gcd
computes the greatest common divisor. HCF([s.]) is thus the highest common
factor of the level-3 set [s.].

Definition 20 (Set of Highest Common Factors). Let S be a set of seg-
ment. The set of highest common factors of S, HCFSet(S), is defined as
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HCFSet(S) = { HCF([s.]) | [s.] € IIs }.

The following theorem states a sufficient condition for preventing infinite
definition during tupling transformation*

Theorem 21 (Preventing Infinite Definition). Let F be a set of mutual-
recursive functions. Let S be the set of segments corresponding to the edges in
(Nr,Er). Let C be a set of overlapping calls occurring in the RHS of an equation
in F. If ¥ 51, s € HCFSet(S) . 5 (s1) ~0 T5(s2), then performing tupling trans-
formation on C will generate a finite number of different tuples. ]

A proof of the theorem is available in [10,4].

A note on the complexity of this analysis: We notice from Theorem 21 that
the main task of synchronisation analysis is to determine that all segments in
HCFSet(S) are level-0 synchronised. This involves expressing each segment in
S as its prime factorisation, partitioning S under level-3 synchronisation, com-
puting the highest common factors for each partition, and lastly, determining if
HCFSet(S) is level-0 synchronised. Conservatively, the complexity of synchroni-
sation analysis is polynomial wrt the number of segments in S and the maximum
length of these segments.

Theorem 22 summarises the results of Theorem 13 and Theorem 21.

Theorem 22 (Termination of Tupling Transformation). Let F be a sef of
mutual-recursive functions, each of which has non-zero number of recursion pa-
rameters. Let S be the set of segments correspond to the edges in (Nr,Er). Let C
a set of overlapping calls occurring in the RHS of an equation in F. If

1. V s € SCycle(Nr,Er) . wr(s) # (id,.. .,id), and
2. V¥s,s € HCFSet(S) . ﬁ(s;) ~ ﬁ(&),

then performing tupling transformation on C will terminate. ad

7 Related Work

One of the earliest mechanisms for avoiding redundant calls is memo-functions

[13]. Memo-functions are special functions which remember/store some or all of

their previously computed function calls in a memo-table, so that re-occurring

calls can have their results retrieved from the memo-tablerather than re-computed
Though general (with no analysis required), memo-functions are less practical

since they rely on expensive run-time mechanisms.

4 It is possible to extend Theorem 21 further by relaxing its premises. In particular,
we can show the prevention of infinite definition in the presence of segments that are
level-2 synchronisation, provided such segment can be broken down into two sub-
segment, of which one is level-3 synchronised with some of the existing segments,
and the other is level-0 synchronised [10].
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Other transformation techniques (e.g. tupling and tabulation) may result
in more efficient programs but they usually require program analyses and may
be restricted to sub-classes of programs. By focusing on a restricted bi-linear
self-recursive functions, Cohen [6] identified some algebraic properties, such as
periodic commutative, common generator, and explicit descent relationships, to
help predict redundancy patterns and corresponding tabulation schemes. Un-
fortunately, this approach is rather limited since the functions considered are
restricted. In addition, the algebraic properties are difficult to detect, and yet
limited in scope. (For example, the Tower-of-Hanoi function does not satisfy any
of Cohen’s algebraic properties, but can still be tupled by our method.)

Another approach is to perform direct search of the DG. Pettorossi [16] gave
an informal heuristic to search the DG (dependency graph of calls) for eureka
tuples. Later, Proietti & Pettorossi [17] proposed an Elimination Procedure,
which combines fusion and tupling, to eliminate unnecessary intermediate vari-
ables from logic programs. To ensure termination, they only handled functions
with a single recursion parameter, while the accumulative parameters are gen-
eralised whenever possible. No attempt is made to analyse the synchronizability
of multiple recursion/accumulating parameters.

With the aim of deriving incremental programs, Liu and Teitelbaum [12,11]
presented a three-stage method to cache, incrementalize and prune user pro-
grams. The caching stage gathers all intermediate and auxiliary results which
might be needed to incrementalize, while pruning removes unneeded results.
While their method may be quite general, its power depends largely on the in-
crementalize stage, which often requires heuristics and deep intuitions. No guar-
antee on termination, and the scope of this difficult stage is presently offered.

Ensuring termination of transformers has been a central concern for many
automatic transformation techniques. Though the problem of determining ter-
mination is in general undecidable, a variety of analyses can be applied to give
meaningful results. In the case of deforestation, the proposals range from sim-
ple pure treeless syntactic form [20], to a sophisticated constraint-based analysis
[18]° to stop the transformation. Likewise, earlier tupling work [2, 7] were based
simply on restricted functions. In [2], the transformable functions can only have
a single recursion parameter each, while accumulative parameters are forbid-
den. Similarly, in the calculational approach of [7], the allowed functions can
only have a single recursion parameter each, while the other parameters are
lambda abstracted, as per [15]. When lambda abstractions are being tupled,
they yield effective elimination of multiple traversals, but not effective elimina-
tion of redundant function-type calls. For example, if functions sdrop and repl
are lambda-abstracted prior to tupling, then redundant calls will not be properly
eliminated.

By engaging a more powerful synchronisation analysis for multiple parame-
ters, we have managed to extend considerably the class of functions which could
be tupled safely. Some initial ideas of our synchronisation analysis can be found
in [5]. The earlier work is informal and incomplete since it did not cover accumu-

® from which the title of this paper was inspired
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lative parameters. The present proposal is believed to be comprehensive enough
to be practical.

8 Conclusion

There is little doubt that tupled functions are extremely useful. Apart from the
elimination of redundant calls and multiple traversals, tupled function are often
linear with respect to the common arguments (i.e. each now occurs only once in
the RHS of the equation). This linearity property has a number of advantages,
including:

— It can help avoid space leaks that are due to unsynchronised multiple traver-
sals of large data structures, via a compilation technique described in [19].

— It can facilitate deforestation (and other transformations) that impose a
linearity restriction [20], often for efficiency and/or termination reasons.

— It can improve opportunity for uniqueness typing [1], which is good for stor-
age overwriting and other optimisations.

Because of these nice performance attributes, functional programmers often
go out of their way to write such tupled functions, despite them being more
awkward, error-prone and harder to write and read.

In this paper, we have shown the effectiveness and safeness of tupling trans-
formation, when coupled with synchronisation analyses. Furthermore, not only
do we generalise the analyses from handling of single recursion argument to that
of multiple recursion arguments, we also bring together both recursion and accu-
mulative arguments under one framework for analysis. These have constderably
widened the scope of functions admissible for safe tupling. Consequently, the
tupling algorithm 7 and associated synchronisation analysis could now be used
to improve run-time performance, whilst preserving the clarity /modularity of
programs.

Acknowledgments We thank the annonymous referees for their valuable com-
ments and Peter Thiemann for his contribution to earlier work.
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Abstract. Integrating semi-naive fixpoint iteration from deductive data
bases [3,2,4] as well as continuations into worklist-based solvers, we
derive a new application independent local fixpoint algorithm for dis-
tributive constraint systems. Seemingly different efficient algorithms for
abstract interpretation like those for linear constant propagation for im-
perative languages [17] as well as for control-flow analysis for functional
languages [13] turn out to be instances of our scheme. Besides this sys-
tematizing contribution we also derive a new efficient algorithm for ab-
stract OLDT-resolution as considered in [15, 16, 25] for Prolog.

1 Introduction

Efficient application independent local solvers for general classes of constraint systems
have been successfully used in program analyzers like GAIA [9,6], PLAIA [20] or
GENA [10, 11] for Prolog and PAG [1] for imperative languages. The advantages of
application independence are obvious: the algorithmic ideas can be pointed out more
clearly and are not superseded by application specific aspects. Correctness can therefore
be proven more easily. Once proven correct, the solver then can be instantiated to
different application domains — thus allowing for reusable implementations. For the
overall correctness of every such application it simply remains to check whether or not
the constraint system correctly models the problem to be analyzed. Reasoning about
the solution process itself can be totally abandoned.

In [12], we considered systems of equations of the form x = f, (z a variable) and tried
to minimize the number of evaluations of right-hand sides f, during the solution pro-
cess. Accordingly, we viewed these as (almost) atomic actions. In practical applications,
however, like the abstract interpretation of Prolog programs, right-hand sides represent
complicated functions. In this paper, we therefore try to minimize not just the number
of evaluations but the overall work on right-hand sides. Clearly, improvements in this
direction can no longer abstract completely from algorithms implementing right-hand
sides. Nonetheless, we aim at optimizations in an as application independent setting
as possible.

We start by observing that right-hand sides f, of defining equations z = f, often are
of the form f; = t1 Ul ... U#; where the t; represent independent contributions to the
value of z. We take care of that by considering now systems of constraints of the form
z 3 t. Having adapted standard worklist-based equation solvers to such constraint
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systems, we investigate the impact of two further optimizations. First, we try to avoid
identical subcomputations which would contribute nothing new to the next iteration.
Thus, whenever a variable y accessed during the last evaluation of right-hand side ¢
has changed it’s value, we try to avoid reevaluation of ¢ as a whole. Instead, we resume
evaluation just with the access to y.

To do this in a clean way, we adapt the model of (generalized) computation trees.
We argue that many common expression languages for right-hand sides can easily and
automatically be translated into this model. This model has the advantage to make
continuations, i.e., remaining parts of computations after returns from variable look-
ups, explicit. So far, continuations have not been used in connection with worklist-based
solver algorithms. Only for topdown-solver TD of Le Charlier and Van Hentenryck [5,
12] a related technique has been suggested and practically applied to the analysis of
Prolog, by Englebert et al. in [9)].

In case, however, computation on larger values is much more expensive than on
smaller ones, continuation based worklist solvers can be further improved by calling
continuations not with the complete new value of the modified variable but just its
increment. This concept clearly is an instance of the very old idea of optimization
through reduction in strength as considered, e.g., by Paige [22]. A similar idea has been
considered for recursive query evaluation in deductive databases to avoid computing the
same tuples again and again [3, 4]. Semi-naive iteration, therefore, propagates just those
tuples to the respective next iteration which have been newly encountered. Originally,
this optimization has been considered for rules of the form z D f y where x and y are
mutually recursive relations and unary operator f is distributive, i.e., f (51 U s2) =
f s1Uf s2. An extension to n-ary f is contained in [2]. A general combination, however,
of this principle with continuations and local worklist solvers seems to be new. To make
the combination work, we need an operator diff which when applied to abstract values
d; and d; determines the necessary part from d; U d2 given d; for which reevaluation
should take place. We then provide a set of sufficient conditions guaranteeing the
correctness of the resulting algorithm.

Propagating differences is orthogonal to the other optimizations of worklist solvers
considered in [12]. Thus, we are free to add timestamps or just depth-first priorities to
obtain even more competitive fixpoint algorithms (see [12]). We refrained from doing
so to keep the exposition as simple as possible. We underline generality as well as
usefulness of our new fixpoint algorithm by giving three important applications, namely,
distributive framework IDE for interprocedural analysis of imperative languages [17],
control-flow analysis for higher-order functional languages [13], and abstract OLDT-
resolution as considered in [15, 16] for Prolog. In the first two cases, we obtain similar
complexity results as for known special purpose algorithms. Completely new algorithms
are obtained for abstract OLDT-resolution.

Another effort to exhibit computational similarities at least between control-flow
analysis and certain interprocedural analyses has been undertaken by Reps and his
coworkers [18,19]. It is based on the graph-theoretic notion of contezt-free language
reachability. This approach, however, is much more limited in its applicability than
ours since it does not work for binary operators and lattices which are not of the form
D = 24 for some un-ordered base set A.

The paper is organized as follows. In sections 2 through 6 we introduce our basic
concepts. Especially, we introduce the notions of computation trees and weak mono-
tonicity of computation trees. In the following three sections, we successively derive
differential fixpoint algorithm WR.a. Conventional worklist solver WR is introduced
in section 7. Continuations are added in section 8 to obtain solver WR¢ from which we
obtain algorithm WR 4 in section 9. The results of section 9 are sufficient to derive fast
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algorithms for framework IDE (section 10) as well as control-flow analysis (section 11).
Framework IDE has been proposed by Horwitz, Reps and Sagiv for interprocedural
analysis of imperative programs and applied to interprocedural linear constant propa-
gation [17]. A variant of control-flow analysis (“set-based analysis”) has been proposed
by Heintze for the analysis of ML [13]. Another variant, even more in the spirit of the
methods used here, has been applied in [26] to a higher-order functional language with
call-by-need semantics to obtain a termination analysis for deforestation. In section 12
we extend applicability of algorithm WR 4 further by introducing generalized compu-
tation trees. This generalization takes into account independence of subcomputations.
Especially, it allows to derive new algorithms for abstract OLDT-resolution [15, 16, 25]
(section 13). As an example implementation, we integrated an enhanced version of fix-
point algorithm WR. 4 into program analyzer generator GENA for Prolog [10,11] and
practically evaluated the generated analyzers on our benchmark suite of large Prolog
programs. The results are reported in section 14.

2 Constraint Systems

Assume D is a complete lattice of values. A constraint systemm S with set variables
V over lattice D consists of a set of constraints £ 2J ¢ where left-hand side z € V is
a variable and ¢, the right-hand side, represents a function [t] : (V —» D) — D from
variable assignments to values. Le Charlier and Van Hentenryck in [5] and Fecht and
Seidl in [12] presented their solvers in a setting which was (almost) independent of the
implementation of right-hand sides. In this paper, we insist on a general formulation
as well. As in [12] we assume that

1. set V of variables is always finite;
2. complete lattice D has finite height;
3. evaluation of right-hand sides is always terminating.

In contrast to [5,12], however, our new algorithms take also into account how right-
hand sides are evaluated.

3 Computation Trees

Operationally, every evaluation of right-hand side ¢ on variable assignment o can be
viewed as a sequence alternating between variable lookups and internal computations
which, eventually, terminates to return the result. Formally, this type of evaluation
can be represented as a D-branching computation tree (ct for short) of finite depth.
The set T(V, D) of all computation trees is the least set 7 containing d € D, z € V
together with all pairs {(x,C) where z € Vand C : D — 7. Given t € T(V, D), function
[t] : (V = D) — D implemented by t and set dep(t,_) of variables accessed during
evaluation of ¢ are given by:

[d] o =d dep(d, o) =0
[z] o =0z dep(z, o) = {z}
Kz, C} o =[C (g z)jo dep({z,C),0) = {z} Udep(C (o z),0)

Clearly, ct = can be viewed as an abbreviation of ct {z, Ad.d). Representations of equiv-
alent computation trees can be obtained for various expression languages.
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Ezample 1. Assume right-hand sides are given by
e s=d|z|fx|g(z1,2)

where, d denotes an element in D, and f and g represent monotonic functions D —
D and D? - D, respectively. For simplicity, we do not distinguish (notationally)
between these symbols and their respective meanings. Standard intra-procedural data-
flow analyzes for imperative languages naturally introduce constraint systems of this
simple type (mostly even without occurrences of binary operators g). The computation
tree ¢ for expression e can be chosen as ¢ itself if e € DUV . Fore = f z, weset t = (z, f)
and for e = g (x1,22), t = {x1,C) where Cd = (x2,C4) and Cyd = g(d,d’). O

Further examples of useful expression languages together with their translations into
(generalized) computation trees can be found in sections 11, 12, and 13. It should be
emphasized that we do not advocate ct’s as specification language for right-hand sides.
In the first place, ct’s serve as an abstract notion of algorithm for right-hand sides. In
the second place, however, ct’s (resp. their generalization as considered in section 12)
can be viewed as the conceptual intermediate representation for our fixpoint iterators
to rely on, meaning, that evaluation of right-hand sides should provide for every access
to variable y some representation C of the remaining part of the evaluation. As in
example 1, such C typically consists of a tuple of values together with the reached
program point.

4 Solutions

Variable assignment o : V — D is called solution for § if o z 2 [t] o for all constraints
xz Jtin S. Every system S has at least one solution, namely the trivial one mapping
every variable to T, the top element of D. In general, we are interested in computing
a “good” solution, i.e., one which is as small as possible or, at least, non—trivial. With
system S we associate function Gs : (V — D) =+ V — D defined by Gs 0 = =
LI{it] ¢ | = 3t € 8}. If we are lucky, all right-hand sides ¢ represent monotonic
functions. Then Gs is monotonic as well, and therefore has a least fixpoint which is also
the least solution of S. As observed in [8, 12], the constraint systems for interprocedural
analysis of (imperative or logic) languages often are not monotonic but just weakly
monotonic.

5 Weak Monotonicity of Computation Trees

Assume we are given a partial ordering “<” on variables. Variable assignment o : V —
D is called monotonic if for all z; < z2, o £1 C o £2. On computation trees we define
a relation “<” by:

o 1 <t for every t; and d; < d3 if di C do;

o 1; < z2 as ct’s if also z1 < z2 as variables;

L4 (1‘1,01) < ((L‘z,Cz) if 21 <z and C: di < Cs da for all dy g ds.
Constraint system & is called weakly monotonic iff for every 1 < z2 and constraint

z1 J t1 in S, some constraint 2 J t2 € S exists such that t1 < ¢2. § is called monotonic
if it is weakly monotonic for variable ordering “=". We have:

Proposition 2. Assume 01,0, are variable assignments where 61 T o2 and at least
one of the o; is monotonic. Then t; < 23 implies:
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1. dep(t1,01) < dep(tz, 02); 2. [t1] o1 E [t2] o2. In}

Here, s1 < 53 for sets s1,s2 C V iff for all z1 € 81, 1 < x2 for some x5 € s2. Semantic
property 2 coincides with what was called “weakly monotonic” in [12] — adapted to
constraint systems. It is a derived property here since we started out from syntactic
properties of computation trees (not just their meanings as in [12]). As in [12] we
conclude:

Corollary 3. If § is weakly monotonic, then:
1. If o is monotonic, then Gs ¢ is again monotonic;

2. § has a unique least solution p given by p = UJ>0 Gfs 1.
Especially, this least solution g is monotonic. O

6 Local Fixpoint Computation

Assume set V of variables is tremendously large while at the same time we are only
interested in the values for a rather small subset X of variables. Then we should try to
compute the values of a solution only for variables from X and all those variables y that
“influence” values for variables in X. This is the idea of local fixpoint computation.

Evaluation of computation tree £ on argument ¢ does not necessarily consult all
values ¢ z,z € V. Therefore, evaluation of ¢t may succeed already for partial o : V ~ D.
If evaluation of ¢ on o succeeds, we can define the set dep(t,s) accessed during this
evaluation in the same way as in section 3 for complete functions. Given partial variable
assignment ¢ : V ~» D, variable y directly influences (relative to o) variable z if
y € dep(t, o) for some right-hand side ¢ of z. Let then “influencing” denote the reflexive
and transitive closure of this relation. Partial variable assignment o is called X-stable
iff for every y € V influencing some = € X relative to o, and every constraint y J ¢
in § for y, [t] o is defined with o y 2 [t] 0. A solver, finally, computes for constraint
system § and set X of variables an X-stable partial assignment o; furthermore, if S is
weakly monotonic and g is its least solution, then oy = py for all y influencing some
variable in X (relative to o).

7 The Worklist Solver with Recursion

The first solver WR. we consider is a local worklist algorithm enhanced with recursive
descent into new variables (Fig. 1). Solver WR is an adaption of a simplification of
solver WRT in [12] to constraint systems. Opposed to WRT, no time stamps are
maintained.

For every encountered variable z algorithm WR. (globally) maintains the current
value o z together with a set infl £ of constraints z 3 ¢ such that evaluation of ¢
(on o) may access value o z. The set of constraints to be reevaluated is kept in data
structure W, called worklist. Initially, W is empty. The algorithm starts by initializing
all variables from set X by calling procedure Init. Procedure Init when applied to
variable z first checks whether z has already been encountered, i.e., is contained in set
dom. If this is not the case, r is added to dom, ¢ z is initialized to L and set infl z of
constraints potentially influenced by z is initialized to . Then a first approximation
for z is computed by evaluating all right-hand sides ¢ for z and adding the results to
o z. If a value different from 1 has been obtained, all elements from set infl z have to
be added to W. After that, set inflz is emptied.
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dom = §; W = 0;
forall (z € X) Init(z);
while (W # ) {
z Jt = Extract(W);
new = [t] (A\y.Eval(z J¢,v));
if (new Zozx) {
ox =0 U new,;
W=WUinflz;
infle = @;
}

}
void Init(V z) {
if (z ¢ dom) {
dom = dom U {z};
czx=L1;inflz =0
forall (x Jt € S)
oz =0 zU[t] (\y.Eval(z Jt,1));
if (oz#1){
W=WUinfl z;
inflz = @;
}
}

}
D Eval(Constraint r, V y) {

Init(y);
infly =inflyu {r};
return o y;

}

Fig. 1. Algorithm WR.

As long as W is nonempty, the algorithm now iteratively extracts constraints z 1 ¢
from W and evaluates right-hand side ¢ on current partial variable assignment o. If
[t] o is not subsumed by o z, the value of ¢ for z is updated. Since the value for z has
changed, the constraints r in infl £ may no longer be satisfied by o; therefore, they are
added to W. Afterwards, infl  is reset to .

However, right-hand sides ¢ of constraints r are not evaluated on ¢ directly. There
are two reasons for this. First, ¢ may not be defined for all variables y the evaluation of
t may access; second, we have to determine all y accessed by the evaluation of ¢ on o.
Therefore, t is applied to auxiliary function Ay.Eval(r,y). When applied to constraint
r and variable y, Eval first initializes y by calling Init. Then r is added to infl y, and
the value of o for y (which now is always defined) is returned.

Theorem 4. Algorithm WR, is a solver. O

8 The Continuation Solver

Solver WR contains inefficiencies. Consider constraint z J ¢ where, during evaluation
of t, value o y has been accessed at subtree t' = (y,C) of t. Now assume o y obtains
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new value new. Then reevaluation of complete right-hand side ¢ is initiated. Instead of
doing so, we would like to initiate reevaluation only of subtree C new. Function C in
subtree ¢’ can be interpreted as (syntactic representation of) the continuation where
reevaluation of ¢ has to proceed if the value of o for y has been returned. We modify
solver WR. therefore as follows:

e Whenever during evaluation of right-hand side of constraint = J ¢, subtree t' =
(y,C) is reached, we not just access value o y and apply continuation C but
additionally add (z,C) to the infl-set of variable y.

e Whenever o y has obtained a new value, we add to W all pairs (z, (y, C)), (z,C) €
infl y, to initiate their later reevaluations.

The inf-sets of resulting algorithm WR¢ now contain elements from V' x Cont where
Cont = D — T(V, D), whereas worklist W obtains elements from V x 7(V, D). In
order to have continuations explicitly available for insertion into infl-sets, we change the
functionality of the argument of [.] (and hence also [.]) by passing down the current
continuation into the argument. We define:

[d] o' =d [z] o' =0’ (Md.d) =z [z,0)] o' = [C (o' Cx)] o’

where o/ C ¢ = o z. Using this modified definition of the semantics of computation
trees we finally adapt the functionality of Eval. The new function Eval consumes three
arguments, namely variables £ and y together with continuation C. Here, variable
z represents the left-hand side of the current constraint, y represents the variable
whose value is being accessed, and C is the current continuation. Given these three
arguments, Eval first calls Init for y to make sure that oy as well as infly have already
been initialized. Then it adds (z,C) to set infly. Finally, it returns o y. We obtain:

Theorem 5. Algorithm WRc is a solver. a

A similar optimization for topdown solver TD [5, 12] in the context of analysis of Prolog
programs has been called clause prefiz optimization [9]. As far we know, an application
independent exposition for worklist based solvers has not considered before.

9 The Differential Fixpoint Algorithm

Assume variable y has changed its value. Instead of reevaluating all trees (y,C) from
set infl of y with the new value, we may initiate reevaluation just for the increment.
This optimization is especially helpful, if computation on “larger” values is much more
expensive than computations on “smaller” ones. The increase of values is determined
by some function diff : D x D — D satisfying

dq U diff(d1,d2) = d1 Ud2

Ezample 6. If D =24, A a set, we may choose for diff set difference.
IfD=M — R, M aset and R a complete lattice, diff(fi, f2) can be defined as
diff(fi, f2) v= L if fo v C fi v and diff(f1, f2) v = f2 v otherwise. 0

To make our idea work, we have to impose further restrictions onto the structure of
right-hand sides t. We call § distributive if S is weakly monotonic and for every subterm
{z, C) of right-hand sides of S, d;, d2, and d such that d = d; Lld2 and arbitrary variable
assignment o:

dep(C d1,0) Udep(C d2,0) D dep(Cd,0) and [CdijoU[Cd]oT[Cdjo
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dom = 0; W = 0§;
forall (z € X) Init(z);
while (W # 0) {
(z,C, A) = Extract(W);
new = [C A] (A\C,y.Eval(x,C,y));
if (new Z oz){
A = diff(o z, new);
oz =o0 zUnew,
forall ((z',C") € infl z)
W =WU{(,C", A);
}

}
void Init(V z){
if (z & dom) {
dom = dom U {z};
crx=L1;inflz =0
forall (x Jt € 8))
oz =0c zU[t} (AC,y.Eval(z,C,y));
if (cz#1)
forall ((z',C') € infl x)
W=Wu{(=',C (o z)};
}

}

D Eval(V z,Cont C,V y) {
Init(y);
infly = infly U {(z,C)};
return o y;

}

Fig. 2. Algorithm WR4.

In interesting applications, S is even monotonic and variable dependencies are “static”,
i.e., independent of o. Furthermore, equality holds in the second inclusion. This is
especially the case if right-hand sides are given through expressions as in Example 1,
where all operators f and g are distributive in each of their arguments.

In order to propagate increments, we change solver WR¢ as follows. Assume o y
has obtained a new value which differs from the old one by A and (z,C) € infl y.

o Instead of adding (z, (y,C)) to W (as for WRc¢), we add (z,C, A). Thus, now
worklist W contains elements from V' x Cont x D.

o If we extract triple (z,C, A) from W, we evaluate ct C' A to obtain a (possibly)
new increment for z.

In contrast, however, to WR¢ and WR, it is no longer safe to empty sets infl y
after use. The resulting differential worklist algorithm with recursive descent into new
variables (WR 4 for short) is given in Figure 2.

Theorem 7. For distributive S, WR 4 computes an X-stable partial least solution.
m}
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Note that we did not claim algorithm WRA to be a solver: and indeed this is not
the case. Opposed to solvers WR and WR¢, algorithm WR s may fail to compute
the least solution for constraint systems which are not distributive.

10 The Distributive Framework IDE

As a first application, let us consider the distributive framework IDE for interproce-
dural analysis of imperative languages as suggested by Horwitz et al. [17] and applied,
e.g., to linear constant propagation. Framework IDE assigns to program points elements
from lattice D = M — L of program states, where M is some finite base set (e.g., the
set of currently visible program variables), and L is a lattice of abstract values.

The crucial point of program analysis in framework IDE consists in determining
summary functions from D — D to describe effects of procedures. The lattice of pos-
sible transfer functions for statements as well as for summary functions for procedures
in IDE is given by F = M? — R where R C L — L is assumed to be a lattice of
distributive functions of (small) finite height (e.g., 4 for linear constant propagation)
which contains Az.l and is closed under composition. The transformer in D — D
defined by f € F is given as

(10 =U,en f (v, 0) (nv)

Clearly, [f] is distributive, i.e., [f] (mUn2) = [f] m U[f] n2. Computing the summary
functions for procedures in this framework boils down to solving a constraint system
S over F where right-hand sides e are of the form:

ex=flz|fozx|za0m

where f € F. Since all functions in F are distributive, function composition o : FZ — F
is distributive in each argument. Thus, constraint system § is a special case of the
constraint systems from example 1. Therefore, we can apply WRa to compute the
least solution of S efliciently — provided operations “o” and “U” can be computed
efficiently. Using a diff-function similar to the last one of Example 6, we obtain:

Theorem 8. If operations in R can be executed in time (O(1), then the summary
functions for program p according to interprocedural framework IDE can be computed
by WR, in time O(Jp| - |[M|?). i

The complexity bound in Theorem 8 should be compared with O(|p| - |M|®) which can
be derived for WR. By saving factor |M|?, we find the same complexity as has been
obtained in [17] for a special purpose algorithm.

11 Control-Flow Analysis

Control-flow analysis (cfa for short) is an analysis for higher-order functional languages
possibly with recursive data types [13]. Cfa on program p tries to compute for every
expression ¢ occurring in p a superset of expressions into which ¢ may evolve during
program execution, see, e.g., [23,24, 21, 26]. Let A denote the set of subexpressions of
p and D = 2. Then cfa for a lazy language as in [26] can be formalized through a
constraint system S over domain D with set V of in variables y:,t € A, where right-
hand sides of constraints consist of expressions e of one of the following forms:

e = {a} |z | (e €z1);22
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for a € A. Here, we view (a € z1);z2 as specification of ct (zi,C) where C d = §
ifa € d and C d = z2 otherwise. Let us assume set V of variables is just ordered
by equality. Then § is not only monotonic but also distributive. As function diff, we
simply choose set diffrence. With these definitions, algorithm WR A can be applied.

Let us assume that the maximal cardinality of an occurring set is bounded by s <
|p|. Furthermore, let I denote the complexity of inserting a single element into a set
of maximally s elements. In case, for example, we can represent sets as bit vectors,
I = O(1). In case, the program is large but we nevertheless expect sets to be sparse
we may use some suitable hashing scheme to achieve approximately the same effect.
Otherwise, we may represent sets through balanced ordered trees giving extra cost
I =0(log s).

Cfa introduces O(|p|*) constraints of the form y D (a € z1); 2. Inorder to avoid cre-
ation of (a representation of) all these in advance, we introduce the following additional
optimization. We start iteration with constraint system Sp lacking all constraints of
this form. Instead, we introduce function r : V — D — 2°°mstraints which  depending
on the value of variables, returns the set of constraints to be added to the present
constraint system. r is given by:

red={yDz:|acdy(acz)zr: €S}

Thus especially, r z {d; Udz) = (r  d1)U(r = d2). Whenever variable z is incremented
by A, we add all constraints from r z A to the current constraint system by inserting
them into worklist W. For cfa, each application r A can be evaluated in time O(]A|).
Thus, if the cardinalities of all occurring sets is bounded by s, at most O(|p| - s)
constraints of the form y O z are added to Sg. Each of these introduces an amount
O(s - I) of work. Therefore, we obtain:

Theorem 9. If s is the maximal cardinality of occurring sets, the least solution of
constraint system S for cfa on program p can be computed by the optimized WR 4
algorithm in time O(|p| - s% - I). O

The idea of dynamic extension of constraint systems is especially appealing and clearly
can also be cast in a more general setting. Here, it results in an efficient algorithm
which is comparable to the one proposed by Heintze in [13].

12 Generalized Computation Trees

In practical applications, certain subcomputations for right-hand sides turn out to be
independent. For example, the values for a set of variables may be accessed in any order
if it is just the least upper bound of returned values which matters. To describe such
kinds of phenomena formally, we introduce set GT(V, D) of generalized computation
trees (gct’s for short). Get’s ¢ are given by:

tu=d|z|S|(C)

where § C GT(V, D) is finite and C : D — GT(V, D). Thus, we not only allow sets
of computation trees but also (sets of) computation trees as selectors of computation
trees. Given t € GT(V, D), function {t] : (V — D) — D implemented by t as well as
set dep(t, -) of variables accessed during evaluation are defined by:

[d] o =d dep(d, o) =0

[z} o =oz dep(z, o) = {z}

[Sle =|H[tle|tesS} dep(S, o) = | J{dep(t,0) |t € S}

I, e =[C([E]o)] o dep((t,C), o) = dep(t,o) U dep(C ([t] 7), o)
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While sets of trees conveniently allow to make independence of subcomputations ex-
plicit (see our example application in section 13), nesting of trees into selectors eases
the translation of deeper nesting of operator applications.

Ezample 10. Assume expressions e are given by the grammar:
ex=d|z|fefg(eez)

where d € D and f and g denote monotonic functions in D — D and D* - D,
respectively. The gct £, for e can then be constructed by:

et.=eifeec DUV,
ot = (tu, Md.fd)ife=fe';
o t. = (te;, C) with Cdy = (te,, Ad2.g (d1,d2)) if e = g (e1,e2). O

For partial ordering “<” on set V of variables, we define relation “<” on gct’s by:
o | <tfor every t; and dy < d3 if d; C dy;
e 71 < z2 as get's if also z; < z3 as variables;
e S < Sifforall t; € Sy, t1 <t for some t2 € So;
o (t1,C1) < (t2,C3) if t1 <ty and for all d; C da, Cdy < Cds.

Now assume the right-hand sides of constraint system S all are given through gct’s.
Then S is called weakly monotonic iff for every z1 < z2 and constraint z; J ¢; in §
some constraint x> J 2 in S exists such that ¢; < t. With these extended definitions
prop. 2, cor. 3 as well as Theorem 4 hold. Therefore, algorithin WR is also a solver
for constraint systems where right-hand sides are represented by gct’s.

Function C in t = (t',C) can now only be interpreted as a representation of the
continuation where reevaluation of t has to start if the evaluation of subtree t' on ¢ has
terminated. #' again may be of the form (s, C’). Consequently, we have to deal with
lists « of continuations. Thus, whenever during evaluation of ¢ an access to variable y
occurs, we now have to add pairs (z,v) to the infl-set of variable y. As in section 8, we
therefore change the functionality of [.] by defining:

[dlo’y=d [Sle'y =U{ltlo"y|t€ S}
[z]o'y =o' va [, Mo’y =[C{tho (C-v) o'y

where o' v z = o x. The goal here is to avoid reevaluation of whole set S just because
one of its elements has changed its value. Therefore, we propagate list -y arriving at set
S of trees immediately down to each of its elements.

Now assume o y has changed its value by A. Then we add all triples (z,v, 4) to W
where (z,v) € infly. Having extracted such a triple from the worklist, the new solver
applies list v to the new value A. The iterative application process is implemented by:

app[ldo’ =d app (Cy)d o’ =appy ([Cd] o’ 7)o

The resulting value then gives the new contribution to the value of o for . As for
WR 4 for ordinary evaluation trees, infl-sets cannot be emptied after use. Carrying the
definition of distributivity from section 9 over to gct’s, we obtain:

Theorem 11. For distributive § with gct’s as right-hand sides, algorithm WR A com-
putes an X-stable partial least solution. 0

As an advanced application of gct’s, we consider abstract OLDT-resolution [15, 16, 25].
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13 Abstract OLDT-Resolution

Given Prolog program p, abstract OLDT-resolution tries to compute for every program
point z the set of (abstract) values arriving at z. Let A denote the set of possible
values. Lattice D to compute in is then given by D = 2*. Coarse-grained analysis
assigns to each predicate an abstract state transformer A — D, whereas fine-grained
analysis additionally assigns transformers also to every program point [15)]. Instead of
considering transformers as a whole (as, e.g., in the algorithm for framework IDE in
section 10), transformer valued variable z is replaced by a set of variables, namely
z a,a € A, where z a represents the return value of the transformer for £ on input
a. Thus, each variable z a potentially receives a value from D. The idea is that, in
practice, set A may be tremendously large, while at the same time each transformer is
called only on a small number of inputs. Thus, in this application we explicitly rely on
demand-driven exploration of the variable space.

To every transformer variable z the analysis assigns a finite set of constraint schemes
ze D e where o formally represents the argument to the transformer, and e is an
expression built up according to the following grammar (see [25]):

ex=se | fe fi=Xas(ga) |z ]| da(z(ga)oa)

Here, s : A — D denotes the singleton map defined by sa = {a}, and £ : (A - D) —
D — D denotes the usual extension function defined by € f d = {J{f ¢ | @ € d}. Thus,
expressions e are built up from s e = {#} by successive applications of extensions & f
for three possible types of functions f : A — D. Unary functions g : A — A are used
_to model basic computation steps, passing of actual parameters into procedures and
returning of results, whereas binary operators o : D X A — D conveniently allow to
model local states of procedures. They are used to combine the set of return values
of procedures with the local state before the call [25). In case of fine-grained analysis,
every scheme for right-hand sides contains at most two occurrences of “£”, whereas
coarse-grained analysis possibly introduces also deeper nesting.

The set of constraints for variable z a,a € A, are obtained from the set of constraint
schemes for z by instantiating e with actual parameter a. The resulting right-hand
sides can be implemented through get’s t(,}. For d € D, gct t4 is of the form ¢4 = d or
ta = (S4,C) such that C'd’ returns some tree t;,, and Sg = {s, | a € d}. The forms for
elements s, of Sy correspond to the three possible forms for f in expressions £ fe, i.e,

sa n=8(ga) | za]|(z(ga), d .d ca)

Constraint system S for abstract OLDT-resolution then turns out to be monotonic as
well as distributive. As operator diff, we choose: diff(d1,d;) = d2\d:. Therefore, we can
apply algorithm WR . Let us assume that applications ga and insertion into sets can
be executed in time O(1), whereas evaluation of d o a needs time O(#d). Then:

Theorem 12. Fine-grained OLDT-resolution for program p with abstract values from
A can be executed by WR4 in time O(N - s?) where N < |p| - #A4 is the number of
considered variables, and s < # A is the maximal cardinality of occurring sets. O

WR 4 saves an extra factor O(s?) over solver WR.. An algorithm with similar savings
has been suggested by Horwitz et al. [18]. Their graph-based algorithm, however, is
neither able to treat binary operators nor deeper nested right-hand sides as ours.

In the usual application for program analysis, A is equipped with some partial ab-
straction ordering “C”, implying that set d C A contains the same information as its
lower closure d} = {a € A|3a’ € d:a C a'}. In this case, we may decide to compute
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with lower subsets of A right from the beginning [15, 25]. Here, subset d C A is called
lower iff d = d]. If all occurring functions f as well as operators o are monotonic, then
we can represent lower sets d by their maximal elements and do all computations just
with such anti-chains. The resulting constraint system then turns out to be no longer
monotonic. However, it is still weakly monotonic w.r.t. variable ordering “<” given by
z1a1 < z202 iff 1 = 22 and a; C a2. As function diff for anti-chains, we choose

diff(dl,dz) = dz\(dll) = {a,z € dy l Va, €dy : az Z a1}

Again, we can apply the differential worklist algorithm. Here, we found no compara-
ble algorithm in the literature. WR 4 beats conventional solvers for this application
(see section 14). A simple estimation of the runtime complexity, however, is no longer

possible since even large sets may have succinct representations by short anti-chains.

14 Practical Experiments

We have adapted the fastest general-purpose equation solver from [12], namely WDFS
(for a distinction called WDFSZ here), to constraint systems giving general-purpose
constraint solver WDFS " Solver WDFS " is similar to solver WR, but addition-
ally maintains priorities on variables and, before return from an update of o for variable
x, evaluates all constraints y J ¢ from the worklist where y has higher priority as the
variable below z (cf. [12]). To solver WDFS®°" we added propagation of differences
(the “A”) in the same way as we added propagation of differences to solver WR in
section 9. All fixpoint algorithms have been integrated into GENA [10,11]. GENA is
a generator for Prolog program analyzers written in SML. We generated analyzers for
abstract OLDT-resolution for PS+POS+LIN which is Sgndergaard’s pair sharing domain
enhanced with POS for inferring groundness [27, 7]. Its abstract substitutions are pairs
of bdd’s and graphs over variables. Thus, we maintain anti-chains of such elements.
The generated analyzers were run on large real-world programs. aqua-c (about 560KB)
is the source code of an early version of Peter van Roy’s Aquarius Prolog compiler.
chat (about 170KB) is David H.D. Warren’s chat-80 system. The numbers reported
in table 1, are the absolute runtimes in seconds (including system time) obtained for
SML-NJ, version 109.29, on a Sun 20 with 64 MB main memory.

Comparing the three algorithms for OLDT-resolution, we find that all of these have
still quite acceptable runtimes (perhaps with exeption of aqua-c) where algorithm
WDFSZ"" almost always outperforms the others. Compared with equation solver
WDFS&® algorithm WDFS5°" saves approximately 40% of the runtime where usu-
ally less than half of the gain is obtained by maintaining constraints. The maximal
relative gain of 48% could be observed for program readq where no advantage at all
could be drawn out of constraints. Opposed to that, for Stefan Dieh!l’s interpreter for
action semantics action, propagation of differences did not give (significantly) better
numbers than considering constraints alone — program ann even showed a (moderate)
decrease in efficiency (factor 3.32). Also opposed to the general picture, constraints
for aqua-c resulted in an improvement of 26% only — of which 9% was lost through
propagation of differences! This slowdown is even more surprising, since it could not be
confirmed with analyzer runs on aqua-c for other abstract domains. Table 2 reports the
runtimes found for aqua-c on domain CompCon. Abstract domain CompCon analyzes
whether variables are bound to atoms or are composite. For CompCon, constraints in-
troduced a slowdown of 18% whereas propagation of differences resulted in a gain of
efficiency by 38% over WDFS5,
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program WDFSZ# [ WDFs°" WDFSf\'m

action.pl 32.97 19.37 19.35
ann.pl 1.36 1.62 1.52
aqua-c.pl 1618.00 1209.00 1361.00
b2.pl 2.41 2.14 1.82
chat.pl 77.73 67.94 53.14
chat-parser.pl 29.62 27.72 17.28
chess.pl 0.40 0.38 0.37
flatten.pl 0.36 0.34 0.26
nand.pl 0.47 0.38 0.32
readq.p! 14.96 15.09 7.85
sdda.pl 0.73 0.59 0.50

Table 1. Comparison of WDFS#% WDFS", and WDFS5°" with PS+POS+LIN.

program || WDFS™* | WDFS®" [ WDFSZ™"
aqua-c.pl 214.67 252.43 133.61

Table 2. Comparison of WDFS?® WDFS" and WDFS5°" with CompCon.

15 Conclusion

We succeeded to give an application independent exposition of two further improve-
ments to worklist-based local fixpoint algorithms. This allowed us not only to exhibit
a common algorithmic idea in seemingly different fast special purpose algorithms like
the one of Horwitz et al. for interprocedural framework IDE [17] of Heintze’s algorithm
for control-flow analysis [13]. Our exposition furthermore explains how such algorithms
can be practically improved — namely by incorporating recursive descent into variables
as well as timestamps [12]. Finally, our approach allowed to develop completely new
efficient algorithms for abstract OLDT-resolution.
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Abstract. A formal language ccsL is introduced for describing specifi-
cations of classes in object-oriented languages. We show how class speci-
fications in CCSL can be translated into higher order logic. This allows us
to reason about these specifications. In particular, it allows us (1) to de-
scribe (various) implementations of a particular class specification, (2) to
develop the logical theory of a specific class specification, and (3) to es-
tablish refinements between two class specifications.

We use the (dependently typed) higher order logic of the proof-assistant
PVs, so that we have extensive tool support for reasoning about class
specifications. Moreover, we describe our own front-end tool to PVs,
which generates from ccsL class specifications appropriate Pvs theories
and proofs of some elementary results.

1 Introduction

During the last two decades, object-orientation has established itself in anal-
ysis, design and programming. At this moment, c** and JAvA are probably
the most popular object-oriented programming languages. Despite this appar-
ent success, relatively little work has been done on formal (logical) methods
for object-oriented programming. One of the reasons, we think, is that there is
no generally accepted formal computational model for object-oriented program-
ming. Such a model is needed as domain of reasoning.

One such formal model has recently emerged in the form of “coalgebras”
(explicitly e.g. in [21]). It should be placed in the tradition of behavioural speci-
fication, see also [6,8,4]. Coalgebras are the formal duals of algebras, see [14] for
background information. They consist of a (hidden) state space—typically writ-
ten as Self in this context—together with several operations {or methods) acting
on Self. These operations may be attributes giving some information about ob-
jects (the elements of Self), or they may be procedures for modifying objects.
All access to elements of Self should go via the operations of the coalgebra.
In contrast, elements of abstract data types represented as algebras can only
be built via the “constructor” operations (of the algebra). We consider coalge-
bras together with initial states as classes, and elements of the carrier Self of a
coalgebra as (states of) objects of the class.
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For verification purposes involving coalgebraic classes and objects we are in-
terested in the observable behavior and not in the concrete representation of
elements of Self. A behavior of an object in this context is the objects reaction
pattern, i.e. what we can observe via the attributes after performing internal
computations triggered by pressing procedure buttons. This naturally leads to
notions like bisimilarity (indistinguishability of objects via the available opera-
tions) and invariance.

Based on coalgebras, a certain format has been developed for class specifi-
cations, see [21,11,10]. This format typically consists of three sections, describ-
ing the class specifications’ methods, assertions, and creation-conditions—which
hold for newly created objects. We have developed this format into a formal lan-
guage ccsL, for Coalgebraic Class Specification Language, which will be sketched
below. Ad hoc representations of these class specifications in the higher order
logic of the proof-tool pvs [18,17] have been used in [12,13] to reason about
such classes—notably for refinement arguments. Further experiments with for-
mal reasoning about classes and objects have led us to a general representation
of ccsL class specifications in higher order logic. Below we explain this model
(in the logic of Pvs), and also a (preliminary version of a) front-end tool that we
use for generating such models from class specifications.

The code for this tool (called Loop for Logic of Object-Oriented Program-
ming) is written in 0CAML [22]. It basically performs three consecutive steps:
it first translates a ccsL class specification into some representation in OCAML;
this representation is then internally analysed and finally transformed into Pvs
theories and proof. The generated Pvs file contains several theories describing
the representation of the class specification, via appropriate definitions and asso-
ciated lemmas (e.g. stating that bisimilarity is an equivalence relation). Another
file that is generated by our tool contains instructions for proofs of the lemmas
in the pvs file. The architecture of our tool allows for easy extensions, e.g. to
accept JAVA [T] or EIFFEL [16] classes, or to generate files for other proof assis-
tants such as ISABELLE [19]. The diagram below describes (via the solid lines)
what our tool currently does, see Section 5 for some more details. The dashed
lines indicate possible future extensions.

ccsL class lexing and representation PVS theories
specifications parsing in OCAML & proofs
-7 ~
- - g 7 = =~ -~
_
- e A
- e
JAVA - ~ ISABELLE
classes Pad theories & proofs
pe
.
Ve
e
EIFFEL
classes

The idea behind the dashed lines on the left is that classes in actual programming
languages should lead to executable class specifications, about which one can
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reason. We have made some progress—which will be reported elsewhere—in
reasoning about JAVA classes in this setting. Here we concentrate on the upper
solid lines.

The paper is organised as follows. We start in Sections 2 and 3 with an
elaborate discussion of two examples, involving a class specification of a regis-
ter in which one can store data at addresses, and a subclass specification of a
bounded register, in which writing is only allowed if the register is not full. This
involves overriding of the original write method. Then, in Section 4 we discuss
some further aspects of the way that we model class specifications and that we
reason about them. Finally, in Section 5, we describe the current stage of the
implementation of our front-end tool.

We shall be using the notation of pvs’s higher order logic when we describe
our models. It is largely self-explanatory, and any non-standard aspects will be
explained as we proceed. The LoOP front-end tool that will be described in Sec-
tion 5 is still under development. Currently, it does the basics of the translation
from ccsL class specification to Pvs theories and proofs (without any fancy GUI).
It may take some time before it reaches a stable form. Instead of elaborating
implementation details, this paper focuses on the basic ideas of our models.

2 A simple register: specification and modeling

We start by considering a simple register, which can store data at an address. It
contains read, write and erase operations, satisfying some obvious requirements.
It is described in our coalgebraic class specification language ccsL in Figure 1.
The type constructor A — Lift[A] adds a bottom element ‘bot’ to a type A, and
keeps all elements a from A as up(a). A total function B — Lift[A] may then be
identified with a partial function B — A. We use square brackets [A;,..., 4]
for the Cartesian product A; x --- x A,.
Begin Register[ Data : Type, Address : Type 1 : ClassSpec
Method read : [Self, Address] -> Lift[Datal;
write : [Self, Address, Datal => Self;
erase : [Self, Address] ~> Self
Assertion read_write : PVS FORALL(a,b : Address, d : Data)
read(write(x, a, d), b) =
IF a = b THEN up(d) ELSE read(x, b) ENDIF ENDPVS
read_erase : PVS FORALL(a,b : Address) :
read(erase(x, a), b) =
IF a = b THEN bot ELSE read(x, b) ENDIF ENDPVS
Constructor new : Self
Creation read_new : PVS FORALL(a:Address) : read(new,a) = bot ENDPVS
End Register

Fig. 1. A register class specification in CCSL

The types Data and Address are parameters in this specification, which can
be suitably instantiated in a particular situation. What is coalgebraic about
such specifications is that all methods act on Self, i.e. have Self as one of their
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input types!'. Usually this type Self is not written explicitly in object-oriented
languages, but it is there implicitly as the receiver of method invocations. The
constructor section declares new as a constructor (without parameters) for cre-
ating a new register. Notice that assertions and creation-conditions have names.
The PVS and ENDPVS tags are used to delimit strings, which are basically
boolean expressions in Pvs?. It is assumed that x is a variable in Self.

In order to reason (with Pvs tool support) about such a Register class spec-
ification, we first model it in the higher order logic of Pvs. This is what our
LOOP tool does automatically. It generates several Pvs theories to capture this
specification. Space restrictions prevent us from discussing all these theories in
detail, so we concentrate on the essentials.

The first step is to introduce a (single) type which captures the interface
of a class specification, via a labeled product. For Register, this is done in the
following Pvs theory.

RegisterInterface[ Self, Data, Address : TYPE ] : THEORY
BEGIN
RegisterIFace : TYPE = [# read : [Address -> Lift[Datall,
write : [Address, Data -> Self],
erase : [Address -> Self] #]
END RegisterInterface

The square brace notation [A;, ..., A, — B] is used in Pvs for the type of (total)
functions with n inputs from Ay, ..., A, and with result in B. Notice that in the
types of the operations in this interface the input type Self is omitted3. This is
intended: a crucial step in our approach is that we use coalgebras of the form

c : [Self -> RegisterIFace[Self, Data, Address]]

as models of the method section of the Register specification, with Self as state
space. The individual methods can be extracted from such a coalgebra ¢ via the
definitions:

read(c) : [Self, Address -> Lift[Datal] =

LAMBDA(x : Self, a : Address) : read{(c(x))(a)
write(c) : [Self, Address, Data -> Self] =

LAMBDA(x : Self, a : Address, d : Data) : write(c(x))(a,d)
erase(c) : [Self, Address -> Self] =

LAMBDA(x : Self, a : Address) : erase(c(x))(a)

Thus the individual methods of a class can be extracted from such a single
coalgebra c.

! A bit more precisely, the methods can all be written, possibly using currying, of
the form Self — F(Self); and they can be combined into a single operation Self —
F1(Self) x - -+ x Fr(Self).

2 QOur front-end tool simply passes the string in PVS ... ENDPVS on to the PVs tool,
where it is parsed and typechecked.

3 Categorically, the type RegisterIFace captures the functor associated with the sig-
nature of aperations in the class specification, see [14].



109

Next, our formalisation deals with invariants and bistmulations. These are
special kinds of predicates and relations on Self which are suitably closed under
the above operations. For example, an invariant P C Self with respect to a
Register coalgebra c satisfies, by definition:

P(c) = Va: Address, d: Data. P(write(c)(z, a, d))
v Ya: Address. P(erase(c)(x,a)).

A bisimulation w.r.t. ¢ is a relation R C Self x Self satisfying:

Va: Address. read(c)(z, a) = read(c)(y, a)
R(z,y) = < Va: Address, d: Data. R(write(c)(z, a, d), write(c)(y, a, d))
Va: Address. R(erase(c)(z, a), erase(c)(y, a)).

Bisimilarity bisim? is then the greatest bisimulation relation. Interestingly, these
notions of invariant and bisimulation are completely determined by the class in-
terface RegisterIFace. They are generated automatically (by our tool) by induc-
tion on the structure of the types in the interface, based on liftings of these types
to predicates and relations, as introduced in {9] (see also [13]). These Pvs theo-
ries about invariants and bisimulations contain several standard lemmas (stating
e.g. that invariants are closed under finite conjunctions A and universal quantifi-
cation V), for which proof instructions are generated automatically (again using
induction).

The next theory RegisterSemantics deals with the assertions and creation-
conditions. The two assertions in Figure 1 are translated into two predicates on
the carrier type Self of a Register coalgebra c: [Self — RegisterIFace[Self, Data,
Address]]. Assuming that z is a variable of type Self, we generate:

read_write?(c) (x) : bool =
FORALL(a,b : Address, d : Data) : read(c) (write(c) (x, a, d), b) =
IF a = b THEN up(d) ELSE read(c) (x, b) ENDIF
read_erase?(c)(x) : bool =
FORALL(a,b : Address) : read(c) (erase(c) (x, a), b) =
IF a = b THEN bot ELSE read(c) (x, b) ENDIF

For convenience, these predicates are collected in a single predicate:

RegisterAssert?(c) : bool =
FORALL(x : Self) : read_write?{(c)(x) AND read_erase?(c) (x)

Similarly, we put the creation-condition in a predicate

RegisterCreate?(c) : PRED[Self] =
{x : Self | FORALL(a : Address) : read(c)(x, a) = bot}

At this stage we are able to say what actually constitutes a class implementa-
tion that satisfies a class specification as in Figure 1: it is a coalgebra c: [Self —+
RegisterIFace[Self, Data, Address]] satisfying the predicate RegisterAssert?, to-
gether with some element new: Self satisfying the predicate RegisterCreate?(c).
This is formalised in the following theory using a (dependent!) labeled product.
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RegisterClassStructure [Self, Data, Address : TYPE] : THEORY
BEGIN
IMPORTING RegisterSemantics[Self, Data, Address]
RegisterClass : TYPE = [# clg : (RegisterAssert?),
new : (RegisterCreate?(clg)) #]
END RegisterClassStructure

The notation (P) for a predicate P: [A ~> bool] on A:TYPE is used in PVS as
an abbreviation for the predicate subtype {x:AIP(x)}. A class thus consists of
a state space Self with appropriate operations (combined in a coalgebra clg on
Self) and with an appropriate constructor new. An object of such a class is then
simply an inhabitant of the state space Self. Thus, in the way that we model
classes and objects, the methods are part of the class, and not of the object.
This is called the delegation implementation, in contrast to the embedding im-
plementation, where the operations are part of the object, see [1, Sections 2.1
and 2.2].

Once we have all this settled, we can start reasoning about the class specifi-
cation. The two things we can do immediately are: (1) describing an implemen-
tation of the specification, and (2) developing its theory. Both are user tasks:
the tool only provides theory frames which the user can fill in. We give a sketch
of what can be done.

As to (1), it is a wise strategy to write out an implementation, immediately
after finishing the specification. It is notoriously hard to write “good” specifi-
cations which capture the informal description of the matter in question and,
at the same time, are consistent in the logic used. This is sometimes called the
“ground problem”. Usually, specialists have a good understanding of a particu-
lar implementation. Once this implementation is formally written out it can be
checked against the assertions and creation-conditions.

For example, for the Register class specification, an obvious implementation
describes registers as partial functions from addresses to data. This can be done
via the Lift[-] type constructor, and yields as state space:

FunctionSpace : TYPE = [Address -> Lift[Data]]
This type can be equipped with a suitable coalgebra structure and a constructor:

¢ : [FunctionSpace -> RegisterIFace[FunctionSpace, Data, Addressl] =
LAMBDA (f : FunctionSpace) :
(# read := LAMBDA(a : Address) : f(a),
write := LAMBDA(a : Address, d : Data) : £ WITH [(a) := up(d)],
erase := LAMBDA(a : Address) : £ WITH [(a) := bot] #)
nev : FunctionSpace = LAMBDA(a : Address) : bot

(The notation g WITH [(y) := z] is an abbreviation for LAMBDA x : IF x =y
THEN z ELSE g(x) ENDIF.) This coalgebra structure on the state space Function-
Space clearly captures our intuition, and it is not hard to prove that both propo-
sitions RegisterAssert?(c) and RegisterCreate?(c)(new) hold. Actually, Pvs can
prove both of them with a single command, (GRIND).
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Of course, we can also define other implementations. For example, one can
define an implementation in which the sequence of operations applied to an
object is recorded for each address. This can be done by taking as state space:

HistorySpace : TYPE = [Address -> listfLift[Datall]

The implementation of the methods and constructor on this state space is left
to the interested reader. Again, (GRIND) in Pvs proves that the assertions and
creation-conditions hold (for our implementation).

When class specifications are used as components in other classes (e.g. via
class-valued attributes, see Section 4) we need a model for them. Obvious choices
for a model are (1) an arbitrary, so-called “loose” model and (2) a final model.
Both are generated. Once we know that our class specification has a non-trivial
model (and hence that it is consistent) we can safely postulate the existence of
a loose model. A final model enables the use of subclasses for components, but
its existence is an open question in presence of binary methods. Due to a lack
of space, only the loose model is described here. It has the following form.

LooseRegisterClass[Data, Address : TYPE] : THEORY
BEGIN
LooseRegisterType : TYPE
IMPORTING RegisterClassStructure[LooseRegisterType, Data, Address]
loose_Register_existence : AXIOM
EXISTS(cl : RegisterClass) : TRUE
LooseRegisterClass : RegisterClass
END LooseRegisterClass

In this theory the existence of an arbitrary model of the class specification is
guaranteed via an axiom. In principle this can be dangerous, because it may lead
to inconsistencies. However, as long as a non-trivial implementation has been
given (earlier) by hand, there is no such danger. The type LooseRegisterType
in this theory is simply postulated, and we know nothing about its internal
structure. This ensures that when this model is used as a component in another
class, no internal details can be accessed (simply because there are no such
details).

We turn to the second way to reason about a (translated) specification. Our
tool generates an almost empty pvs theory frame called RegisterUserTheory.
This theory starts by declaring a coalgebra structure ¢ satisfying the predicate
RegisterAssert?, together with a constructor satisfying the creation-condition
RegisterCreate?(c). Under these assumptions a user can start proving various
logical consequences of the assertions in the class specification. For example, a
useful proposition that can be proved in RegisterUserTheory is the following
characterisation of bisimilarity.

bisim_char : LEMMA
bisim?(c)(x,y) IFF FORALL(a : Address) : read(c)(x,a) = read(c)(y,a)

This expresses that two objects (or states) &, y: Self are bisimilar (i.e. indistin-
guishable) w.r.t. the assumed (arbitrary) model ¢ if and only if they give the
same read output at each address. Intuitively this may be clear: if we cannot see
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a difference between two objects via reading, then using a write or erase will not
create a difference between these objects (because a read after a write or erase
is completely determined by the Register assertions).

Using this characterization, it is easy to prove, for example,

write_commutation : LEMMA
FORALL(a,b : Addresses, d,e : Data) : a /= b IMPLIES
bisim?(c) (write(c) (write(c) (x, a, d), b, e),
write(c) (write(c) (x, b, e), a, 4))

This result says that one can exchange write operations at different addresses.
Notice that we are careful in only stating that the outcomes are bisimilar, and
not necessarily equal. We avoid the use of equality of objects/states, since we
regard these as hidden, and we restrict access to (public) methods. In addition,
the use of bisimilarity entails that the results that we prove also hold in im-
plementations where bisimilar states need not be (internally) equal, like in the
above HistorySpace model. There we can have equal reads at all addresses in
two states, even though the histories of these states are quite different. Hence
such states are bisimilar, but internally different.

At the end, it may be instructive to compare this coalgebraic way of com-
bining methods, with the approach taken in [1] (explicitly e.g. in Section 8.5.2).
There the methods of a class are combined in a slightly different manner, namely
in a labeled product, called “trait type”:

RegisterTrait = [# read: Self — [Address — Lift[Datal],
write: Self — [Address, Data — Self],
erase: Self — [Address — Self] #]

What we do is basically the same, except that our methods are combined “coal-
gebraically”, with the common input type Self on the outside. What is called a
“class type” in [1] is such a “trait type” together with a constructor new, see
the RegisterClass type above. Thus, when it comes to interfaces, there is no
real difference between our approach and the one in [1]. But we go further in
two essential ways: (a) we restrict the methods and constructors so that they
satisfy certain requirements (given in the assertions and creation-conditions in
the specification), and (b) we (automatically) generate appropriate notions of
invariance and bisimilarity for (the interface of) each class specification, and use
them systematically in reasoning about these specifications.

3 A bounded register: inheritance and overriding

Having described an implementation for the Register class specification—and
developed part of its theory—we now introduce a new class specification Bound-
edRegister by inheritance. A bounded register is a subclass of a register, which
overrides the write operation and defines a new attribute count. A bounded reg-
ister can only store a limited number of data elements, and the count attribute is
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Begin BoundedRegister[ Data : Type, Address : Type, n : nat ] : ClassSpec
Inherit from Register[Data,Address]
Method write : [Self,Address,Data] -> Self;
count : Self -> nat
Assertion override_write_def : PVS FORALL(a : Address, d : Data) :
bisim?(write(x, a, d), IF count(x) < n OR up?(read(x,a))
THEN super_write(x, a, d)
ELSE x
ENDIF) ENDPVS
count_super_write : PVS FORALL(a : Address, d : Data) :
count (super_write(x, a, d)) = IF bot?(read(x,a))
THEN count(x) + 1
ELSE count (x)
ENDIF ENDPVS
count_erase : PVS FORALL(a : Address) :
count (erase(x, a)) = IF bot?(read(x, a))
THEN count (x)
ELSE max(0, count(x) - 1)
ENDIF ENDPVS
Constructor new : Self
Creation count_new : PVS count(new) = 0 ENDPVS
End BoundedRegister

Fig. 2. A bounded register class specification in CCSL

used to keep track of how much data is currently stored. When the bounded reg-
ister is full (é.e. when its count is above a certain number n given as parameter),
a write operation does not have any effect; otherwise it acts as the write oper-
ation from the superclass Register. Further, the read and erase operations from
Register are used without modification. A cCSL class specification of a bounded
register is given in Figure 2. The predicates bot? and up? on Lift[Datal tell
us whether an element x : Lift[Data] is bot or up(d), for some d : Data.

Again, our tool generates several pPvs theories from this specification. This
section will discuss the essential consequences the use of inheritance (in combi-
nation with overriding) has on the generated theories.

We model inheritance by letting the interface of the BoundedRegister not
only contain the operations write and count, but also the superclass as a field
(super.Register). This enables access to the methods of the superclass.

BoundedRegisterIFace : TYPE =
[# super_Register : RegisterIFace[Self, Data, Address],
write : [Address, Data -> Self],
count : nat #]

Now we provide access not only to the individual methods of the Bounded-
Register class but also to the methods from the superclass, via the following
definitions.

c : VAR [Self -> BoundedRegisterIFace[Self, Data, Address]]

super_Register(c) : [Self -> RegisterIFace[Self, Data, Address]] =
LAMBDA (x:Self) : super_Register(c(x))
read(c) : [[Self, Address] -> Lift[Datal]l =
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LAMBDA (x:Self, a:Address) : read(super_Register(c(x))) (a)
super_write(c) : [[Self, Address, Data] -> Self] =

LAMBDA (x:Self, a:Address, d:Data) : write(super_Register(c(x)))(a, d)
write(c) : [[Self, Address, Data] -> Self] =

LAMBDA (x:Self, a:Address, d:Data) : write(c(x))(a, 4)
erase(c) : [Self, Address -> Self] =

LAMBDA(x : Self, a : Address) : erase(super_register(c(x)))(a)
count (c) : [Self -> nat] =

LAMBDA(x : Self) : count(c(x))

Via these explicit definitions, all methods of superclasses can be used in sub-
classes. The number of such definitions may be considerable when there are high
inheritance trees, but our tool generates all of them automatically. In fact, this
is one of the reasons for developing such a tool.

The write operation in the subclass specification in Figure 2 also occurs in
the superclass. This double occurrence is used to signal overriding. Our tool
recognizes it, and generates as a result two write operations. A “direct” one
from the current subclass (simply called write) and an “indirect” one from the
superclass (called super write). Notice that the coalgebra c—used as variable
in this theory—combines both the structure of the subclass and the superclass.

The theories about invariants and bisimulations are generated incrementally,
i.e. they extend the predicates and relations on Register with appropriate clauses
for the additional methods of the subclass.

The assertions and creation-conditions of BoundedRegister are translated
into Pvs predicates, just as in the Register example. The resulting predicate
BoundedRegisterAssert? combines these assertions with the assertions in Regis-
terAssert?. The predicate BoundedRegisterCreate? similarly combines the new
creation-conditions with the “super” creation-conditions from Register. This im-
plies that, although we override a method, we can still expect the superclass to
behave as specified.

BoundedRegisterAssert?(c) : bool =
RegisterAssert?{Self, Data, Address] (super_register(c))
AND FORALL(x : Self) : override_write_def?(c) (x)
AND count_super_write?(c) (x)
AND count_erase?(c) (x)
BoundedRegisterCreate?(c) : PRED[Self] =
{x : Self | count(c)(x) =0
AND RegisterCreate?[Self, Data, Address] (super_register(c)) (x)}

The BoundedRegisterStructure theory now contains an additional casting oper-
ation from BoundedRegisterClass to RegisterClass.

BoundedRegisterClass : TYPE =
[# clg : (BoundedRegisterAssert?),
new : (BoundedRegisterCreate?(clg)) #]

cast : [BoundedRegisterClass -> RegisterClass] =
LAMBDA(c1 : BoundedRegisterClass) :
[# clg := super_Register(clg(cl)),
new := new(cl) #]

¥

L}
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(Well-definedness of cast involves proving two easy results.) When an imple-
mentation for a bounded register is described, definitions for the methods in
BoundedRegister (i.e. count and write) and for those in the superclass (i.e. read,
write, erase) have to be given. An obvious implementation of the bounded reg-
ister specification uses the Cartesian product [nat, FunctionSpace] as state
space, where FunctionSpace is the state space of the first Register implemen-
tation in the previous section. The first component nat describes the value of
count. Appropriate operations on this state are easily defined, by re-using the
Register implementation on FunctionSpace. The contents of the theory with
the loose model is not influenced by inheritance and also the way the theory is
generated is not altered.

4 Modeling other object-oriented aspects

This section briefly discusses how—and to what extend—various typically object-
oriented features are realised in our formalisation. Not all of the aspects that we
touch upon have fully crystalised into stable form, and the further development
and use of our tool may lead to certain changes.

Component classes. When specifying a new class one often wishes to use
another class as a component. By component we mean an attribute which is
an instance of another class. This is also known as an aggregation realising a
has-a relationship between two classes.
Begin Counter [ n: posnat, val_init : nat] : CLASSSPEC
Method val : Self -> nat;
next : Self -> Self;
clear : Self -> Self
Assertion val_next : PVS val(next(x)) =
IF val(x) = n-1 THEN 0 ELSE val(x)+1 ENDIF
ENDPVS
val_init : PVS val_init <= n ENDPVS
val_clear : PVS val(clear(x)) = O ENDPVS
Constructor new : Self
Creation val_new : PVS val(new) = val_init ENDPVS
End Counter

Fig. 3. A counter (modulo n) class specification in CCSL

To demonstrate the use of components we adopt an example from [12]. Suppose
that we have a class Counter, which counts modulo a parameter n, as in Figure 3.
This class Counter is used (twice) as a component in the class specification of a
DoubleCounter in Figure 4. A DoubleCounter has two counters as components,
both counting modulo n. It has operations next, val and clear. The first counter
is incremented every time a next operation is executed. The second counter is
only incremented when the first counter reaches n.

As we have seen, our tool automatically generates loose and final models
(without any internal structure) for every specification, and presents an option
for the user. Both these models can be used for components, but a final model
enables subclassing for components.
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Begin DoubleCounter[ n: posnat ] : CLASSSPEC
Method val : Self -> nat;
first : Self -> Counter[n,0];
second : Self -> Counter{n,0];
next : Self -> Self;
clear : Self -> Self
Assertion val_def : PVS val(x) =
n * val(second(x)) +
val(first (x)) ENDPVS
first_next : PVS bisim?(first (next(x)), next(first(x))) ENDPVS
second_next : PVS bisim?(second(next(x)),
IF val(first(x)) = n-1
THEN next (second(x))
ELSE second(x) ENDIF) ENDPVS
first_clear : PVS bisim?(first (clear(x)), clear(first(x))
ENDPVS
second_clear : PVS bisim?(second(clear(x)), clear(second(x)))
ENDPVS
Constructor new : Self
Creation first_new: PVS bisim?(first(new), new) ENDPVS
second_new: PVS bisim?(second(new), new) ENDPVS
End DoubleCounter
Fig.4. A double counter class specification in CCSL

As an example, the interface for DoubleCounter, using a loose model for the
components, will be generated as follows.

DoubleCounterIFace : TYPE = [# val : nat,
first : LooseCounterTypeln,0],
second : LooseCounterTypeln,0],
next : Self,
clear : Self #]

When generating the other theories for DoubleCounter, components are handled
just as normal attributes (with bisimilarity as their equality relation).

Refinement. Earlier we mentioned how to implement a class specification and
how to develop its theory. A third important activity is proving refinements be-
tween class specifications. We say that a “concrete” class refines an “abstract”
class when a model (i.e. an implementation) of the abstract class can be de-
scribed in terms of the concrete class. We construct this model as abstract(c):
[Self— AbstractIFace[Self, - - }J], where ¢: [Self — ConcretelFace[Self,- - -] is an ar-
bitrary model of the concrete class?. Following [13] we do not need the entire state
space Self to obtain an “abstract” model, but we can restrict ourselves to the
subtype (P) of Self arising from an invariant P on Self (w.r.t. the abstract class).
Then abstract(c) restricts to an operation of type [(P) — AbstractIFace[(P), - - ]].
Of course, it has to be proven that the model satisfies the assertions and creation-
conditions of the abstract class, as expressed by the following lemma.

Abstract_refine : LEMMA
AbstractAssert?(abstract (c)) AND AbstractCreate?(abstract (¢)) (new)

* Such a model abstract(c) should actually incorporate models of all the superclasses
of the abstract class. Therefore, in practice, the model abstract(c) is best constructed
by first constructing all these “super” models.
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As an example, we can prove that DoubleCounter with parameter n refines a
counter modulo n?. The model for this refinement uses the invariant that the
values of both component counters are bounded by n.

Overloaded methods. Some object-oriented languages allow overloading of
methods: multiple methods with the same name may occur in the same class as
long as their types are different. This is also possible in ccsL. Pvs does allow
overloading of functions, but field names in a labeled product—used as types of
interfaces—are not permitted, hence we use ordinary products in interfaces with
overloading.

Multiple inheritance. In our formalization we allow multiple inheritance (even
though some object-oriented languages do not). This requires coping with name
clashes, for instance: (1) if different superclasses define a method with the same
name, and (2) if one class is inherited twice via different paths. To solve the
first problem, the user can rename the conflicting methods in the INHERIT FROM
section in the ccSL specification, like in EIFFEL [16]. As an example, a class can
inherit both from Counter and from DoubleCounter in the following manner.

INHERIT FROM Counter[n,0] RENAMING val AS val_c AND
next AS next_c AND
clear AS clear_c,

DoubleCounter [n] RENAMING val AS val_d AND
next AS next_d AND
clear AS clear_d

This will lead to method definitions like

val_c(c) : [Self -> nat] =

LAMBDA(x : Self) : val(super_Counter(c(x)))
val_d(c) : [Self -> nat] =

LAMBDA(x : Self) : val(super_DoubleCounter(c(x)))

Renaming is also necessary for different instances of the same class. The second
problem of multiple paths to the same method is solved essentially by using sets
of ancestor methods.

Creation with parameters. So far we have simply used ‘new’ in CCSL specifica-
tions as a constructor which returns a new instance of a class. In object-oriented
languages one can usually parametrise such constructors with the initial values
of the attributes. Typically, in a point class (specification) with attributes fst
and snd for first and second coordinate, one may wish to have new as a (binary)
constructor satisfying the following creation-conditions.

fst(new(a, b)) = a AND snd(new(a, b)) = b

This option also exists in CCSL: one can put constructors as functions with type
[A1,--+,Ay] — Self in the constructor section. They are handled in Pvs via a
labeled product containing all these constructors, instead of a single construc-
tor new, as in the examples in Sections 2 and 3. Since we have not yet reached
agreement on whether or not constructors should be inherited in object-oriented
specifications, we included both options.

Subtyping. The usual object-oriented view is that inheritance (subclassing) im-
plies subtyping (see [1, Section 3.2]), namely of the form: in every place where an
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object from a superclass is expected, an object from a subclass may be used as
well. This is because all methods from the superclass also exist in the subclass—
possibly in overridden form, but still with the same type. Precisely this aspect
of subclassing exists in our formalisation because all methods from superclasses
are explicitly (re-)defined in subclasses, see the definitions of read(c) etc. for
bounded registers in Section 3. This “structural” subtyping (see again [1, Sec-
tion 3.2]) arises because the Register interface is part of the BoundedRegister
interface. Also we use explicit casting operations from subclasses to superclasses,
as described for bounded registers in Section 3. Such casting operations are gen-
erated for components as final models.

Binary methods. Binary methods are a topic of intense debate in the object-
oriented community, see [3]. They are allowed in many object-oriented languages,
but can lead to various problems (notably type insecurities). A standard example
of a binary method is the union (or intersection) operation in a class (specifica-
tion) of sets (over some parameter type A).

elem? : [Self, A -> bool];
add, delete : [Self, A -> Selfl;
union, intersection : [Self, Self -> Selfl;

Typically, a binary {or n-ary, for n > 1} method takes multiple inputs of type
Self. Methods of type [Self, Ay, - - -, A,] — F(Self) are allowed in ccsL under the
following two restrictions: (1) if Self occurs in A; then A; = Self, (2) Self occurs
only positively in F'.

Late binding. Consider a Point class specification with attributes £st and snd
(as above) and with a move method satisfying:

fst (move(x,da,db)) = fst(x) + da AND snd(move(x,da,db)) = snd(x) + db

Suppose now that we often need the move operation with parameters da = db =
1, and decide to define it explicitly as movel(x) = move(x,1,1). Late binding
means that if we later override move in a subclass of Point, then the movel
method will change accordingly: its definition will then use the overridden move.
At this moment we have an ad hoc solution to model late binding, and we are
still testing its appropriateness in various examples.

5 The front-end LOOP tool

Thus far we have seen how (ccsL) class specifications can be translated into
higher order logic. This translation is done automatically by our tool, which is
constructed as a front-end to a proof assistant. In general, front-end tools pro-
vide a higher level interface tailored to a specific application domain [2,20,23,
15,5]. They vary in the degree of sophistication and user support. While simple
systems feature theory blueprints where the user fills out special slots in combi-
nation with specialised high level tactics [2, 5], more advanced approaches define
a special language and provide command line compilers [20] or even interactive
user interfaces [15].
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Our development aims at an environment in which the user can specify classes
in several languages and frameworks and can then reason about their properties
and relationships in a suitable proof assistant of choice. Ultimately, we desire a
tool, called LooP (for: Logic of Object-Oriented Programming), which provides
an interactive (emacs) shell for the proof assistant. Thus far, as a first step,
we focus on the compiler, which generates for a given class specification the
corresponding theory and proof representations for the target proof assistant. It
should be easy to extend the tool to other object-oriented languages and proof
assistants. Also, it should come with a suitable graphical user interface. These
aims influenced the choice of the implementation language and the architecture
of the compiler.

We use the typed functional language Objective Caml (ocAML) [22], the
current release of the French ML dialect cAML. Objective Caml provides, above
the strict typing and readable syntax of an ML dialect, a typed module system,
command line compilers with the capability of generating native machine code,
lexer and parser generators, and an extensive library including an X-Window
interface.

The architecture of the compiler (see Figure 5) exploits standard compiler
construction techniques. It is organised in a number of passes which work on
fixed interface data structures. This enables us to easily plug-in modules for
other input languages (than ccsL) and other target proof assistants (than Pvs).

CCSL token
o ——> ——— | parser
strjng stream \::lass_type
type checker

¥

| inheritance analyser I

v

| theory generator |

theory.typ& pretty printer —E¥S e

strings
Fig. 5. Tool architecture

The compiler basically consists of the input modules lexer and parser, the
internal modules (the vertical part in Figure 5), and the pretty printer. The lexer
and parser are generated by the 0CAML tools 0OCAMLLEX and 0CAMLYACC which
resemble the well-known LEX and YACC from € programming environments. Pars-
ing a (cCSL) string yields an internal symbolic class represented as a value of
the complicated, inductively defined 0CAML type class_type. The parser can
be replaced by any other function which generates values of class_type. All in-
ternal passes have input and output values in this type. The real work is carried
out at a symbolic level. Extra steps can easily be inserted. After type check-
ing and performing several semantic checks (for instance to determine the full
inheritance tree of a class) the final internal pass produces symbolic theories
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and proofs as values of the 0CAML type theory type. This latter pass is the
workhorse of the whole system. Finally, a target specific pretty printer converts
the symbolic representation for Pvs (or another proof assistant).

Currently, the compiler accepts ccsL class specifications in a file name.beh
and generates the corresponding theories and proofs as described in the previ-
ous sections. For instance, compilation of a file register.beh containing the
simple specification from Figure 1 will generate the files register.pvs and
register.prf. The file register.pvs can then be loaded, parsed, and type
checked in Pvs. Before filling out the theory frames as described above the user
can prove automatically all the standard lemmas with the proof-file com-
mand.

Conclusions and future work

We have elaborated a way to model object-oriented class specifications in higher
order logic in such detail that it is amenable to tool support. Future work, as
already mentioned at various points in this paper, involves: elaboration of the
formal definition of cosL (including e.g. visibility modifiers and late bindings),
completion of the implementation of the LooP tool, definition of appropriate
tactics, stepwise refinement, development of various extensions to the tool and
of course: use of the tool in reasoning about various object-oriented systems.
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Language Primitives and Type Discipline
for Structured Communication-Based Programming

KOHEI HONDA*®, VASCO T. VASCONCELOS!, AND MAKOTO KUBO?

ABSTRACT. We introduce basic language constructs and a type discipline as a found-
ation of structured communication-based concurrent programming. The constructs,
which are easily translatable into the summation-less asynchronous n-calculus, allow
programmers to organise programs as a combination of multiple flows of (possibly
unbounded) reciprocal interactions in a simple and elegant way, subsuming the pre-
ceding communication primitives such as method invocation and rendez-vous. The
resulting syntactic structure is exploited by a type discipline 4 la ML, which offers
a high-level type abstraction of interactive behaviours of programs as well as guar-
anteeing the compatibility of interaction patterns between processes in a well-typed
program. After presenting the formal semantics, the use of language constructs is
illustrated through examples, and the basic syntactic results of the type discipline
are established. Implementation concerns are also addressed.

1. Introduction

Recently, significance of programming practice based on communication among pro-
cesses is rapidly increasing by the development of networked computing. From network
protocols over the Internet to server-client systems in local area networks to distributed
applications in the world wide web to interaction between mobile robots to a global
banking system, the execution of complex, reciprocal communication among multiple
processes becomes an important element in the achievement of the goals of applica-
tions. Many programming languages and formalisms have been proposed so far for the
description of software based on communication. As programming languages, we have
CSP [7], Ada [28], languages based on Actors [2], POOL [3], ABCL [33], Concurrent
Smalltalk [32], or more recently Pict and other -calculus-based languages [6, 23, 29].
As formalisms, we have CCS [15}, Theoretical CSP [8], 7-calculus [18), and other process
algebras. In another vein, we have functional programming languages augmented with
communication primitives, such as CML [26], dML [21}, and Concurrent Haskell {12].
In these languages and formalisms, various communication primitives have been offered
(such as synchronous/asynchronous message passing, remote procedure call, method-call
and rendez-vous), and the description of communication behaviour is done by combin-
ing these primitives. What we observe in these primitives is that, while they do express
one-time interaction between processes, there is no construct to structure a series of
reciprocal interactions between two parties as such. That is, the only way to represent
a series of communications following a certain scenario (think of interactions between
a file server and its client) is to describe them as a collection of distinct, unrelated in-
teractions. In applications based on complex interactions among concurrent processes,
which are appearing more and more in these days, the lack of structuring methods would
result in low readability and careless bugs in final programs, apart from the case when
the whole communication behaviour can be simply described as, say, a one-time remote
procedure call. The situation may be illustrated in comparison with the design history
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of imperative programming languages. In early imperative languages, programs were
constructed as a bare sequence of primitives which correspond to machine operations,
such as assignment and goto (consider early Fortran). As is well-known, as more pro-
grams in large size were constructed, it had become clear that such a method leads to
programs without lucidity, readability or verifiability, so that the notion of structured
programming was proposed in 1970’s. In present days, having the language constructs
for structured programming is a norm in imperative languages.

Such a comparison raises the question as to whether we can have a similar structuring
method in the context of communication-based concurrent programming. Its objective
is to offer a basic means to describe complex interaction behaviours with clarity and
discipline at the high-level of abstraction, together with a formal basis for verification.
Its key elements would, above all, consist of (1) the basic communication primitives
(corresponding to assignment and arithmetic operations in the imperative setting), and
(2) the structuring constructs to combine them (corresponding to “if-then-else” and
“while”). Verification methodologies on their basis should then be developed.

The present paper proposes structuring primitives and the accompanying type discip-
line, as a basic structuring method for communication-based concurrent programming.
The proposed constructs have a simple operational semantics, and various communic-
ation patterns, including those of the conventional primitives as well as those which
go beyond them, are representable as their combination with clarity and rigor at the
high-level of abstraction. The type discipline plays a fundamental role, guaranteeing
compatibility of interaction patterns among processes via a type inference algorithm in
the line of ML [19]. Concretely our proposal consists of the following key ideas.

e A basic structuring concept for communication-based programming, called ses-
sion. A session is a chain of dyadic interactions whose collection constitutes a
program. A session is designated by a private port called channel, through which
interactions belonging to that session are performed. Channels form a distinct
syntactic domain; its differentiation from the usual port names is a basic design
decision we take to make the logical structure of programs explicit. Other than
session, the standard structuring constructs for concurrent programming, parallel
composition, name hiding, conditional and recursion are provided. In particu-
lar the combination of recursion and session allows the expression of unbounded
thread of interactions as a single abstraction unit.

e Three basic communication primitives, value passing, label branching, and delega-
tion. The first is the standard synchronous message passing as found in e.g. CSP
or w-calculus. The second is a purified form of method invocation, deprived of
value passing. The third is for passing a channel to another process, thus allowing
a programmer to dynamically distribute a single session among multiple processes
in a well-structured way. Together with the session structure, the combination of
these primitives allows the flexible description of complex communication struc-
tures with clarity and discipline.

o A basic type discipline for the communication primitives, as an indispensable ele-
ment of the structuring method. The typability of a program ensures two possibly
communicating processes always own compatible communication patterns. For ex-
ample, a procedural call has a pattern of output-input from the caller’s viewpoint;
then the callee should have a communication pattern of input-output. Because in-
compatibility of interaction patterns between processes would be one of the main
reasons for bugs in communication-based programming, we believe such a type
discipline has important pragmatic significance. The derived type gives high-level
abstraction of interactive behaviours of a program.
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Because communication between processes over the network can be done between mod-
ules written in different programming languages, the proposed communication constructs
may as well be used by embedding them in various programming languages; however
for simplicity we present them as a self-contained small programming language, which
has been stripped to the barest minimum necessary for explanation of its novel fea-
tures. Using the language, the basic concept of the proposed constructs is illustrated
through programming examples. They show how extant communication primitives such
as remote procedural-call and method invocation can be concisely expressed as ses-
sions of specific patterns (hence with specific type abstractions). They also show how
sessions can represent those communication structures which do not conform to the pre-
ceding primitives but which would naturally arise in practice. This suggests that the
session-based program organisation may constitute a synthesis of a number of familiar
as well as new programming ideas concerning communication. We also show the pro-
posed constructs can be simply translatable into the asynchronous polyadic #-calculus
with branching [31]. This suggests the feasibility of implementation in distributed envir-
onment. Yet much remains to be studied concerning the proposed structuring method,
including the efficient implementation of the constructs and the accompanying reasoning
principles. See Section 6 for more discussions.

The technical content of the present paper is developed on the basis of the preceding
proposal [27] due to Kaku Takeuchi and the present authors. The main contributions of
the present proposal in comparison with [27] are: the generalisation of session structure
by delegation and recursive sessions, which definitely enlarges the applicability of the
proposed structuring method; the typing system incorporating these novel concepts; rep-
resentation of conventional communication primitives by the structuring constructs; and
basic programming examples which show how the constructs, in particular through the
use of the above mentioned novel features, can lucidly represent complex communication
structures which would not be amenable to conventional communication primitives.

In the rest of the paper, Section 2 introduces the language primitives and their op-
erational semantics. Section 3 illustrates how the primitives allow clean representation
of extant communication primitives. Section 4 shows how the primitives can represent
those interaction structures beyond those of the con